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Durlng gthe summ‘er of 1963, a group of fifteen mathematlclans, sclentlsts,
Wy

.. . - and teachers, woi‘klng under the ausplces of .‘Lhe Sc'hool Mathematlcs Study Group,
N ~' .prepared experlmental te% };:?unlts which' explored the p(%%slbllltygof develop-
on

1ng sqme of the ba31,c c ts of ma‘thematlbs through simple, ‘but slgnlflcant, 3

physical sclence experlments. These units were tested 1n4°§.i‘~epresentative class-

rooms 1n a number of cen.tters over the &ountry during the follow:.ng school year.

i In the summer of 196k, rev1s1ons were made on the basis of the résul’cs of these g:’,%
t«_

trials . ‘ . . e

. HE
» . -

- /aﬂf

. The purpose of this proJect was to see if the’ learnlng and xunderstandlng -
of mathematics at the grade levels seven throughm}nne could be improved through '
the uSe of the approach through sclence experlments. The results.of the pre-

s ) ° llminary tests were.guite encouraglng Thé students found the experiments
° ’ °£&sc1n§t1ng and learned ‘the pelated mathematical prlnclples quickly and easllvm
A o“ Ma,ny suggestlonj! for chang,es were mdde by teachers on the basis of the reactions

of thﬁlr students.® These suggestlons were incorporated ;Lnto this rev1sion -

.-.o

.
———

F) .
wherever possible. = - -

. ° ' It should be ntted that these units are to be use& in the mathematlcs e -
R _;,3 classrqom and that they are pr1marlly des1gned to teach mathematical concepts '

“ rather than those of science. It 1s trie that the procedure§ and’ princlples

of sc1ence 1ncluded are sou.n and correct with:.n the framework in which they .

SuTEA
5L Gl

i
&

o gare used. The experlence 1n st.ence which the student will galn from- the, study

] .
o scleng):es, put the mein* purposes of t‘he unlts are to teach mathema,tlcs. . R

»
- *

. L. Previous knowledge of sc1 nce on the part of students or teachers is not

of these units will no doubt Be useful in éubsequent courses in the phySical

R
<

i, . negtéessary, although any knm{‘l e whlch they might have in th1s by eld will be ' .
. ] useﬁll. : .The experlmental proeedures, are clearly descrlbed. Lists of needed P
- eqiii‘;men‘b w1ll be found at iEe beginning of, this volume. Many substitutions L2 0 P
are p%sible 1n .these llsts since the experimental equipment is'° not at all .& ”M‘ a

i

) v

'ct‘i‘L,o - The teach is warned, howevér, that there is a natural pefversity ]

5

-in experimental work It is strongly recommended that the teacher try' \_u%~

. ‘s

each experlmKt be‘f e it is done by the class, partlcular‘.].y.lf equipment ) (
’ subst}tutions mus\f e made. ) o N e IR
.. ’ 'I‘hel ex erlmenf: ;n this volume 1nvolve basic measurements of length, mgss, - ;
:f'"’- i L, ¢ .f L 7-
e -time and‘ t peratuz‘e ‘ Thoug}} most of‘ 'the experlmen,és will be described i.nh .

Sséda o QY ‘o °
St j‘\u . " . . . . -

. LN KA ‘v
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terms of Tthe metric system ‘of measurement BI‘.‘LtlSh units are not 1gnored. It
) ‘ ig assum%d that these experlments can be done i the mathematlcs classroom.

L 'Some w1ll,&be done by a1l of the students worklng in small groups, and some

- T + . PR

mll have to be demonstrat‘fxﬁns done. by bhe geacher, & e

N . .
o

The use of the data cdl&ected is an important aspect of each eXperlment
These data mll be measurem@nts which can be gré'phed on a 51ngle number line
5:1 or on a g_et -of - rectangular coo%‘dlnates. Thls leads, in‘a completely netural .
way, to the- mathemat,qcal conceptsﬁof approxlmatmn, units of measurement,, in-
1es,* ‘functlons, and graphlng The fitting of a llne to the graph of

N

50
& . the, £xp 1mental data leads ;.o the gen\eral -concept of llnes and the slop€ and
L

PP Py
equatlon of lines . . e %?
M‘I‘he matérigl .in this textbook can'@ covered in a three ér four week _“;

perlod The teacher can best decide at what time of the course"lts use ght K
be most approprlate These units supplement but do replace, whate\zer.»% )
mathematlcs bosk is in ‘régular use in the claisroom. may, however, be “Posr v

sible to omit Some sections of the regular téxt’book %f the ‘%eacher feels that

the treatment of the toplcs in th1s text.is suffluent. . ) . P
LA 'T”\ e . . - ERA .
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> * PQUIBMENT LIST  -.. o
. T . I ’ N L ST T e
) . - . . " P?nt‘I Loy
oo . -‘2' N *:a" . _va, ’:; B ¥ ) |
A T ’ |
. ' Sources \t_)or egulpment in the follomng experiments are mdlcated below -
GEvm - andf ;are cod{edﬁt the Tight of each item. A .
- ' (l) Sc1ent1fic supply (i.e., Cenco or[Welch, etc.) . |
: . - - . -~ © o ‘.
%_ .- ﬁé) Hardware store : | -’ e o o
' T . . M
R - {3 “Ste¥ionery store ¢ . * )
, "f‘h)f‘ ‘Variety store ' - ’ . o : '
: T R ‘
N . > v N .
. - . ] ‘e . - . "
s . . Chapter 1 L v e - .
%, ) . ' INTRODUCTION TO MEASUREMENT
& - . C, . T O . . .
‘ 1. Properties of Order Experimens - geachet‘ Demonistration ) L
. ) . . ; Coes 20 " ) ) - ’ e
: ?,:3:1 1 metér stick (1) or yard stick (2) . . . "' -
_1 trlangular file (5 in. ) e’xtra slim taper - (2) or 1 knltt:’ng needle | #
e 2 *25 bmder clemps - (3). , b v, ) ' -
‘ RS 1 paper clip, spring-type Hont Brand 1) _(,"3) T e «
T e X box *1. "Gen" paper clips (3)., < L0 o . " s T
- 2" fubber bands (3) ' S Lot L
'Y "Dlx;.e" 'Eups% oz.) (&) .. “ ,k;e L S
6 g in wooden dowels (3! leﬁgths) (2) @ - ' S 3
¢ R » - : 4 '
e - . N L, W, ) ) .
s > . v Cha iy 2';& - i S e
RN s o T
r ) . Lmchm ANU THE "NUMBER LINE I
‘ﬂ.‘,l% e R ; -~ B p h.‘.~ . B
[ S AR - - . .
T ) PE ear o~ g F
., The Unmarked Stlck Ebcperlmeht §tudents are to work 1ndiV1<§ually ’ ,
R . W
_ Each stu&ent should have the following equipment. - ' _ L v
. : d ‘e ¢
e 1 stralght stick (approxmately a5") (5) . , )
2 sheets of noﬁebook péper (lined)(3) . . .o
) Qg. 1 sheet of graph papér (10 squaeres pér: 1nch3 (3) ’
L, * s R P o
:f_..,‘ 1 ball of1tring 1#) Lo2e . n e o e ) o r
TR (%) o ® for entire “class . .
. + . N

_% small roll of masking



>,Chapter 3

L ]
RELATIONS., FUNCTIONS AYD GRAPHING :
q .
3 ‘ . 4 . . . : * ¢ . . - . . -
F ” ' [
N T 1. Cantilever Expemment - Stud'ents are to wark in groups d&‘ two. Each
) yE Zroup should have the followimpment. ’ .
S 5 books,, 1dent1cal (with adst ,jackets, if possn)le) ) N
. VAR wooden boards (1" x 8" x 10") - - PR
/ e 1 foot ruler, with a megric, scale (%) . . s
Sy \ Py .
‘f‘ : 2. Irregular Bottle'Experiment - Same instmct'ions as 1% . ) -
Y ~ , . - R N .
1 irregular-shaped bottle (12 .fluid oz L : el
[ Lirreg P ), 5) : ol L &
/ 1 plastic pill bottle (ef'pproxa.ately 20 cm ) (5) . o
L 1 "Magic Mendlrrg tape, Scjotch brand (E X~ 1296") (4) & ‘ -~
. - 1 foot ruler,‘m.th avmetrlc scale h) o oo . o . i
Yo . 1 ¥10 cen or l.gallon water con.ta:.ner \ |
.8 . . . e \ L hd N
\ - . _-;{;,: . . . 1
r ~ . i o : i ‘
VL % . Chapter b L _—
N \ . .," " N ‘ R : )
, | .© LINEAR FUNCTIONS . O .
. \ s ‘ : e - .
AN ¢ . . : &
- . L Th Coat ‘Ianger &periment - Students are to work in groups of four.
- . Each gz\'oup should have ‘the followmg equlrment. oo ' ‘ - Tt
- , 1 hook wexght {100 gram) 1) Cenco No. 9810 . e . . s
2 hook weights' (200 gram) (1) ) . . B
. . . v o . :
1 hoak weight (500 grem) (1) Foex o o .
1 codtengnger (wire) (5) . o : - e
e paper clips, Jumbb "Gem 3) ’ , o ) M <
) 1 oot~ ruler, mth metric scale l&) ! R . :
3. ‘l’he Ioaded prl‘ng Same mstructions as 1.° oF . - o
' 1 hook weight (100 gram) (1) - - .o C T s
+, .2 hook weightd (200 grafn) (1) ‘o L # .
s e K e — . Bl . ’
1 hook tﬂlght" 560 graxﬂ) l) 7 L. e : . { °,
B Rl L I TR, IS
1 _spring (2) o g P T , T RIS
! penca.l (unsharpened) y," . - U ’ Tl w’e :
a0 . .1 roll Scotch tape (l&) “ ‘

.1 foot ruler,: wi“bh metric ~scale (h)

gl
-2 sheets of note paper ) or-{k) ~
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e . thermometer, Centigrade (20 A No. : TN e
ot
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. MEASUREMENT\ ,. . . =~ ~ !
- " > ‘ Y . e
o ¥ , AU
. S . T Lo “ , e S
. T e L« .t * .
l'l Introductlon . . . . fee

'8 mind the more obvlous facts :
\ v
& er1ence thus’ far and to )

- —-Chapter Iis. 1ntended tQ le in the student?

.af measurement which he has, galned from his 1life

W ey

develop nev mgthematlcs frém them. At the same t questlons are ralsed which

are intended to lead the student to a better unders anding of the phllosop}fy -

~

of mea‘surement and to.a development of the related mathematlcs. -
” ¥ P

- ‘ . ) . > . & . e

1.2, ,Measurements, Magni tudes and Units =~ - . . .

o ) -

.+ In this chapter the student will probably enr;@unter his first serlous .
study of measurements. Although he is sure to have used such phrases as "two
-+ miles?, "17 seconds”, and "30:acres very often,%t is unlikely that he’ will .

recognlze much of the mathematlcal nature of such concepts. . L L. .

P
v

‘It 1s posglble 5 however s, that some of your students will have confused

ea of number and measurement ;Ln the1r own mlnds and they cannot sefe any

~d:.fference bm the two. -IT so, you\ must f}rst clarlfy these ideas. It will o
be necessary to explaln resemblances between number and measurement 1-f your" T

students think of them as 1dent:<car i .t " L ,-_‘a,:i; .

Perh.aps 'che most helpful thmg you can do to make the necessary d1st1nc-
tlon is to emphas:.ze the dlfferent uses to which numbers and meaShrements are
\t. 'I'he s‘\%xdents may no‘t really know ‘what, numbers are, although they can use R
them well for ‘many’ purposes. 'I'he same can be sald for measurenents.. Challénge .
353‘, e stude t who confuses ‘the’ two “to degcribe the d1stance to h1s Jome; t‘he .

R 1?}.51‘% the class period, or the area of the floor in the classroom, by Tneans

. of a number alone. His 1nabili:ty to do so should, convntce him that measuraeqents

_— e e e EN .
..

.are needed toj‘ae*bmrey spme., kinds. of 1nfoma,tlon that numbers cannot do. CQ - .

vensely, measurements ‘are "nappropnate wh'ere _rL'L‘y numbers can serve.

. [ G “M e T o .

w The d:.stinction be’cv{een number and measuremﬁﬁts ean be made & bit sharper
.by.turning attention to p‘i‘ocedures of measurement. 'I‘he students” already

somethlflg about tHese procedures. The t&Fm measurement can be .glven. cmlde T
) l’ntuitlve meé&ning -as "the result of a measur:mg‘ process ﬁl‘t may be thﬁt ‘thre '\

N .

W
.1{1\:.

students already use somg other term such”as quafntlty or amount to mean the

P ) . C w, oL Lo\
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éame thing. It is useful to point out that measurement carinot be done by
penci'l tand” paper alone.. It must 1nvoIve experimentation with actual things \

or events. More’ s’pecifically, the exper:.ment is aﬁ gct of compa:cison of two -
lobjects or~ events requ1r1n§ a careful set of 1nstructlons for its performance.
It is unlikely that your students Wikl appreciate how detailed those 1nstruc- ~.
tions must be. Sections 1. lO I.ll and 1.12 will.leacL theml through the nec-~

essary steps for length measuremegtr\ Other measurements are determined by.

strictly within the framework o‘f'mathematics Put’ 1nvolves s.cience as. well.

- It 1s conceivable that. some. studen-ts W’lll have thought ,d'eeply enough at -~

- this stage to ask the fo.llowmg ques‘tion. "'If~ Iengths- are not numbers B Just \
pxactly what are they”" This is the type of question the authors of the text
have dealt with and have attempted to answer with the help of the Students and
their teachers. It 1s hoged that' the student will b able to'arrive at his

‘own understanding of measurement at thp conclusion of this course.
4 "

FOr the teac,her, hewever, knowledge “a’t a deepeq level %s desirable. 'I‘he .

follomng explanatiorr outlInes a suz.table answer to the question, "What 1s a,.
'filength"" - . . ¢

~

A Iength of seven feet y We must agree at first, is not a partioular .

physn.cal ohJect.* It cannot be seen or put on display. We can perceive with
our jenses a seven»foot bed, & seven-foot oar, or 2 seven-foot fishing rod._ -
S_el_r_e_g feet 1tse1f, whatever itgymay be, eludes the senses completely. Length,"~
as opposed to Jects °hav1ng length » has a very general or a'bstréct character.

- "
7 . 4

The things we have Just listed have a useful characteﬁ.stic. any two
of them are equally long ’ ‘as can be shown by compdring them to see if one

The basic assertioh 4¥e by (A) or (B) is that bedsgnd oar are indistinguish-
able as far &s length is concerned. In contrast , ‘the statenent

)

B . ~ - / . -
P PR ' P
. . P -

d

-

e

Y

experiments with still different sets of instructions. A strong general im-, -
pression should e left H’.bth the students that’measureme t,gﬁ!mot be done S e e
R -\I‘ ~

h;Qvei"laps the other w’nen placed side, bﬁ side. To claim for a certain bed and ,‘;tii
{acerﬁajin oarthat ..,..‘.,.-gfw.za,.‘:v\“%\“”\ . ' oo Uﬁ*‘{
e *# ,,,‘ . bed. is as, ﬁg as oar : . ‘(A’}w‘ .
is a statement.whos‘e truth or falsity can be decided by experimgntal mea s"f?{-' .
In some respects statement (A) is like a statement of equality. We coul "'“:P
) \ abbreviate it 4s follows . ~ .. ) .
‘e - ibed L o8- N “"‘; ~ B) /-




: - _ ; . bed = car e, ' *(c) '
5,, cla.ims that bed—\d Qar are the same object. It is clearly false.% To_o much
;\_ . empfla51s cannot be, placed on cor%ect use of the symbol .« To. assert tha_t .
:' . A B 1s to s%: that A and B are names for the same object -~ nothi g more. :

[

. &
The relatzons 2 and = , though. different in .meaning, hare thre‘e- impqr-

, tant :ehai'aeteristics. .¥e name and .describe them belowvih terms ‘of ;-' .oy

) Ref.lexive property. {( -I=' x for all_objects x in the set. * R

- ! . . i . ’ “ o . N

. ., Symmetric preperty.‘ If X =y, then y L X . o, T
s . . L L, e
. Trans:Ltive nronerty. Ifx=y, andy = 2z, then x = 2. ~- Je

3_, : You should satisfy y‘ourself beﬁore proceeding furthev that these three stqjgf- v
A _ ments are “true for, the relation L, : v :
. ﬁz . I{any relations between objects in.a set have "these three properties. . o

.2’ ¢
They are so nmumerous that the speclal name, equivalence relatlon, is used to
-y -

/ey
4

qlassify them It will be ;Lnstructive to verify that of the six examples

below, ‘these first three are equivalence relations, and’ the last 'tliree are 70t.

. - s i » K

.+ = (1) =, for the.objects in any set. ) .
s .
(2) Miives in the same state as", for the et of U.S. resid¥gts. b -
(3) ‘has the sa'me mother as®, for’the set of all s.,udents in yqur school.
- 4 .

i (&) “is perpendzcular to ,- for the set of gll' lines in a plane.
- (5) "is the s:.ste"' of", for the set of daughters ‘of two given paren‘bs.

.

-

", (6) "lives wiﬁhin 200 miles' of", for the set «Of a]l California residents.
. ‘The idea of equivalence relation leads naturally to that of eguivalence ..

s

N class. (Equivalence set would be Just as good a temm. ). By the length equiv-
B alence class containing the sever;-foot bed pleviously mentioned we mean the

- set of all objects that are precisely as long a$ the bed. If obviously con-
= tains much more than what wé have chosen to list, ,but we would be inclined to

- say that every element in. ‘t“he élass ‘had a length of seven feet. . ) R o
o g .-
*Ina smilarcway ve can contemplate volmng' equi\mlence r:hsses B m&ss - -

«#h«-w-phl);\u;,\guﬁz . -
-equ;&val ﬁice c'lasses , time equivalence classes, and so on. Each equivalence

o
v“‘{;c‘il.és% "ié dei?.hed -1xr terms of an equivalence relation arising from 8 comparison

. C g . . — .
. ‘ - © = ' L4
, « . ' s .
> . 0 . .

.~

'
&

i';
1

t et

ndw /prepared to say precisély byha.t we mean by s'e'ven f'e‘e‘l‘.‘” It" is .

(seven ot) bed . By framing the dei‘im.tien in this strange way, yre succeed in
ithe concept 'seven feet" refer to all ob,jects seven feet long We 'a_lso

.

‘ making

¢ . - . e

- ' LY " . [&ad '_,’ A."" . . : o o i R'Z':”'
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: T i settle cledarly gny question about whether length ex1sts apart from the process
N of measurement. 'In this view every ob,ject has a unlque length (namely,, the .

. vequzvalence class to which it belongs) even before we measure it. Flnally," .. |
%‘ . it is c¢lear what we gust be clal'mlng ,when we assert equal:f.ty of lengths. To T
say that = - - . ! . S

1

G . 7feet 8 ihches . .. . . ¢

- - hd DY
B . ¥ . .§ .

v meais exactly what we wish the = sign always to séy: that T feet and 8k :mches
are _hemes for the same_thing, our much dlscussed equivalenee class containlng .
. the bed. , . . A

If this concept of length seems blz‘arre, it should be pbinted out that ot
- no satlsfactory explanation of what numbe"'s are 1s any less -intricate, gnd -
.'that the counting numbers can be defi ned sa.tn,sfactorlly only in terms of

N _equivalence classes. , : . . ’ '
. - .- . .

= . .It might be best to not introduce -the symbol L to your classes. The )

-

degree of abstraction 1nvolvea is rather hlgh for students at this grade ievel

( . ._v' Y'ou can, however, Domt. out ‘that whlle’bed = oar is clearly incorrect, .we can‘ "

o ) write (length) bed = (length) oar and still maintain our traditional mesnihg ~  .°

i for the ejuality. S . . ’
- Lengths (as well as other measurements) aré extremely number-like: They -

can te added, in a sense of addition explgined in Section 1. 6, Jand they have .
order properiies- as‘ shown in Section 1.12. They can also be mgltlplied by

nnmbers These tralts account for theiry frequent confu51on with numbers )
[} ’ & - : . : RPN

. e , . ‘,}(s‘ , R
o #',\‘., .

" thems elves

In Section 1.1, 7 ,.?.@l’: is called a meésurement (mo,re spebrflcaﬁy & * .
length) 7 is termed & measure co;respondlng to' the unit feet (or foot, if” . o
you will). It may help the teacher to be aware that the unit feet is, :.tself
& length and that the multlpllcat:Lon by 7 which séezns to be’ indlcated in the

’ symbol 1 feet is not familiar mul»tlpllcatlon of number by .number, buf a new

va.rlety of multinllcat&n of number by length. Its explanation ‘appean,s' in . ~
Sectlon 1.6. Y ‘,e:: R S O . o

. o > - . T
¥ . - . * )

/e }%ﬂ‘fﬁ\é'h‘*t*f*/VV.‘ .Amw\'
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E}xerc:.se L-—ké e ot

. P;ck%owut “the 1 measures a'ndvthe units in each of’ the follom.ng measurements. - .,
What mlght edch measure? - o N e N ‘ “;: k"
) Iieasurement i&easure ‘Unit . NS Measfureh;ent of * B .
) - 3acres . Q’ 8 " acre PR " . afield o .
v {(v)  ©.760 yards 760. L ')fard" i dlstance between two houses
() A ZL‘!)s/in2 ) 27 ab 1bs/1n . \,:‘ : :.pressure. in a tire .- 7
(@7 W gatpoms  c 1 fathoms - _weferdepth . . ¢

<

. of eourse, the fourth column contains only sts}ble suggestlons. Studentks - ’

»

T shouId”’cEme up w'lth a wide varlety of responses. It would be well woxth-

~

; -L whlle o disciss the nractlcalz.ty Of—-thea-r-eiesponsés. T \s.r o o . ;
é-:’f :’_‘_—:";:"_;{ Vea P %?" . . ‘5‘%{2
. 2. ‘Iif s tub were filled by emptylng a gallon—buck:et 1:{1to~1t 30 times, %
setlo o Sy - L ¥
;f' -Twhat Would be the 1me of the tathtub? What is the measure? What is “ T
:fi‘ - . zthe un:.t? Y T e . '}, - ’:‘ ‘,-' - "~‘ ’ . . L o q“:;;?A
=T . . “ . -, . .', . YA l‘o . . ;{
: / s . - volune, .30_ gallons - ﬁ R

- ) measure, 30 . , . Lo

) d ' ’ M L X ' & ;u

unit, gallon . ;: i

:’3. 'I‘he bathtub \of ?roblem 2 is fllled by uslng a quart contalner- rather than : ‘<,
a gallon bucket. ‘tsoagallons = 120 quarts)

_(a) Does the -volume remain the same" Yes k«

(v) 1Is the measurement the same'{ ' fes -1
. W )
~(c) What is.the measure" e 120

(d) What is the unit? . Quart -~

.

Ghange each of the follow:mg measuranents to an equal measurement having

e "'a:«*dlfferent measure and vnit. : - - .

= 180 secofﬁ %é é; ete, ™ o

Rl ol il 2 T 4

= : &3
T e -ounces"" 50 cwt{ —* ton, ete. : -
; L 15 feet '11{-11- inches, etc. ’ .
- ; N s
s%i;g/g‘; Geety =, 1 sguare yard -'1296 square inches s We‘cc. oo
R ., . L e ; . P
I "‘ - -’b . !~ e R {._ Jh \.
¥ I ) , . .
»” e - ) : . ' R " ,
&sl“ﬁ'e:neﬁb P R ot ‘
oF T . : . SR

In'Sngtion 1. 2 of the student text it is stated that measurement is a

proqess oﬂ, ,‘9} ringﬁsome ject or event to be measured with ai appropriate

SR & S B
f ; 17
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oW e

unit of. our choice. ‘The authors feel that this, de'gimtlon should be brought
into the ;hscussmn frequentry until it seems to be understood and accepted
by the stud.ents. Also, you should point out to your students that measurement T
- 1nvolves some physiceal act1v1ty, i.e., experunentatlon. It mlght be helpful

. to h&ve the students describe the physical activity that various measurements

° -

requ:n.,re, such as > - .
Y . . i -
. "weighing“'an object . A T
PR Yoperating"” a stop watch | . ' .
"using" a, protractor °* . ’ o

;l : ,"pacing oft¥ g field:

The text gives two examples of'mathematical models. 'I'he constructlon of
a,mathematical model depends so much upon the individual s1tuatlon that it is
v:.rtually 1mposs1ble to give 8 comprehenswe def:.mt:.on,l but the following

teps are: usually involved: -

declde orLthe exact nature of the ‘problem to be solved. / ’ -

¥ - L
A

terpret the pkrysical sltuatrion in tems of numbers or mathema'tical

ions. - ., ) ' N ]

.
~,

owledge of mathematlcs to derive the needed mathematlcal «

> L - -
“w

1nformatlon >

.

4. Predict .the physl
o . -

»

1 situation in light of the hathdiatical informa- ~.

P
tion. t T
[}
3

- The follo'cnng examﬁ]‘es may contrlbute 'to your understandmg of nrathematlcal
models , You may find some of them useful in presentlng this mater:ral to your

students . . - o sy < )
‘\ ot oo - . ’ * . ’
- - . vo h .' . N ] . Q‘ - - é

»Example l. : .
At ¢ertain-stores ) where there is a probla)l of knowing whlch customer
should be gserved next %e customers mlght be asked to take thelr place in

‘ line, Xat a ticket rdow, to assure being served in tum; A common method-n
of hand

each customer’ as he comes in the store. Numbers W’lll be issued in" successlve

ng such a priblem in a more comfortable way 13 to issue a number to

P

v

e A
pog

ord.er.’ The(merchant has thereby cox:istructed a mathematlcal model o“;‘ the queu.e.‘ i

. v,

From this model he can meke use of mathematlcs to determine several tln‘.ngs. -

————
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~
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; o
. ~ “ N R
I? wg wish to det; rmine the number of tiles needed to cover = hallway, )
we can employ a mathematlcal model of the hallway We can make measurements
. of the hallwayt‘ We ca1‘1 now use our knowledge of matheniatics Yo compute the vy
area of the ha‘.il‘way, th"”éﬁéﬂ o'fha%gl’ng—le tlle, and then, the num‘ber of tiles ’
needed to cover the i‘b.oor. : .. : . N T ‘
Example 3:7 ' IR . "~ . - ,
.4 student, might have a mathematicdl model of hisMather which would give - 4:
hin- the necessary inf rmation needed when 'buylng clothlng for his father. : ‘7~ e

. The mode1~ might be as follews: e gdor . E ' ‘ s

) . A Hat size . = 7% :{c - : . :

.o .. Neck size . ‘=' 164 s - - PR
) o 7 ' ~ Chest size = hQ; L s . / 'k‘ B ‘ .
e Sleeve length = ' . [ S
-,,”“:‘) . «* . Y " Waist = ’36 ' ] ' . 3 ’,' 1}"5
;; 3,” ' Inseam . - ‘1'32, ‘ . i . . o “(-“, :

= .. . . Shoe ' o= in 1 e el

< mercise 2 “3 . v . - e .

. o ' XY -
4 L
: These questions are designed to provoke cfass d1scusslon. The following are

only suggestlons and, your giudents should make many more. c ay .

kS 2o N
EJ

3]
it
S

.1l. How would you, ﬁnd therlength of’ your sgchool 'building? . j ‘ .

-1

T R

{lnswer. Pace it off, use ‘hand span, cubit meas'ure (el'bow to flngertlps),
meaSuring stick or tape. . . .

o T

-.Whdt are several ways of timing a 50 yard race" ) H o

- ..Answez: Couni}qslowly (fbr seconds), puIse 'beats N marchlng cadence, -

B 22 f‘ ~* “

K stop watchs, - - N .

. -~ “ —
~ .

i 3
How. could you welgh yourself; if no scales ‘were availa'ble?

LS - ¥
. Ans_w,er: *Get on a seesaw w1th soméone who knows his welght, have,

3 Bl
% . . [ : O SR
. . ’ Yy

a strong friend -li;‘t you and esﬁmakte\youi" welghtt __M,o
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How could you compare the areas .of’ two table tops 1f you had no ruler" ’
Answer Cover with books and count theobooks, cbver with notebook paper
PR e ~a.‘hd count sheets. For -a more accurate measure, use 3 X 5 note *

i . * . . . ‘ .
k - . Cards . .. * . N .

. - N N N

l.h - l 5 Measurement of Length Ideas of Accluracy

E[{'ae prlnclpal 1deas in th1s sectdon tare that, adl measurements of length

s 4
- are. to some extent, grude and that ou? chome of Gnit depends on hdvw crude or

how fine 8 measurement e w1sh Lot e e

'~ » —‘7:» '?".: ’ . ~ - . . . . . . -

3-"_.,. T W Exercise 3 R : :
Suggest ‘sultqbd.e unlts for the xollow1ng measurements. ' o ‘ ) -’;
a) the altn.tude of an aarplane, 10 ft, 50 ft, lOO ft, lOOO ft, mlle :

~ (bl the length of -a car;” - £t ineh, 1/2 inch [
(c) thé depth of! the ocean, ) fathoms, feet, miles . . L s
(4) the width of a vindow frame; ‘tneh, 1/2 inch, 1/ lnch . @
(e) the Wldth of a door frame; *" iheh, 1/2. *inch, l/h 1nch v .\‘}
(f) the helght of 8 truck . feot, inch, 1/2 inch .\ T e
What un1t of measure would be acceptable when measu;‘lng the—mdth of a .
‘vrlndow "for drape rods? - ’ !
What unlt of measure : D 5 € wnen measurlng the mdth of a Y
window to fit glass l/h 1nch . \ETD \‘ ce y b s

? L]

Addition of Lengths

Knowrmg that lengths are equlvalence clasges B the teacher .may wish to
T integpret 1ength addltlon as equivalence class addltion for hls, OF. her own, < e
benefit. A ?‘ . S - R IR

- L e R N
T g e e e

To form the sum of two equivalence classes, we select any elanent from the

first ‘and any element from he second and 'lay then end to end on. a st.raight e
line with no overlap. (That is, we perfom Stlll a third kind. of thsical . e
addition of ob,j ects.) The newly formed ob,ject has a length, or equivalence

S~

x
B
Srnan
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'

Multiplicahon’of length b,y ‘a countlng number can nox e deflned by re-
i additlons as descrl’bed in the text. \Multipllcatlon of* lengths 'by other

Py

Sim oot Exerci-se 5 -
fTTE e e e o

What 1s the, total length 1h the followmg figur;s? - - ;;:r* :‘,:')_;’5: .
- A S

.

" FET a1 aT-1 Tl
(b)%l Bl TBJB ERE IB"I”Bﬂ“_"“&sl‘““
(e) L & [ 2} B[ B3] B|. -~ (2a +'3B)

L s

j ™
What is the perimeter of each of the fonowing. figures?
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age and _sym‘bplism &f, inequaliti-es are i)

<o wiat

AR NS AL TR

t YS.. These fac‘es are of general valuee.in 8. mathematical %ducgtion. . 'I'he‘
omp,a;'ison property as, stated in’ t}xe si;udent “text is referred 'bo by mathena-n

.

‘\'f? ) - N M‘,,_;. -
| ’ t o v:'; h’*’ *
W . ‘Z"\ A :'4'? * ER ’ Ty » W’”“* '
AR - e wf;:- e e e L
:‘.? e - N . Exercise 5_ G A I
. 'Oﬂ",, L Lo - - .
L8 1.«( se the symbols, M _"', Mg WIS M 4o make a,true statement in each
‘ o:f the following paiys of nuhbers. : , %* . . ) '
1 ~. .
. g' & . . - . .. - . . e
(é)'wé <6 ., P ) e<7 -, .
* i Y. N . : . '
(b) 5<10 ‘ o {g) 9>t 3 .
"‘<-°)- 16 = 16 oo ) §e : .
(d?*3<8 o S < 4 _§>3~ e
o (e) d>u R ¢ ) '{ ] a. Cannot be related with
- - Lt LRt knowing the value of a. -
& SN N .

» B

= 58 - a

A dTs
-1 ;’8 ~Mo: g ..B negualitj;es- -

. &

The truth table is a dev:.ce sed oy mathem&ti,qians to test t'he validity 9
of a mathematical statement. In the student text we have discussed _the use
sof the con,ju,nctions 'and” &hd." or in ,joining two parts of & mathematical
statement. Sugh statements may “be represen‘ked symbolically by using the )
sym'bol ) "V for "or" az’?;the symbol A\ ¥ for "and". The aistinguishing
feature of a n{athenatical'fh’catanemt\, su ch as 5 < 3, is that it is either

Uepteox "ralee”, S o (o,

T

A compound statement (i‘s formed by comb’.lning 'f;wo _or more simple stat
A and B and ,joined by t"he ‘con,junc-

u).»z

tion "ozi vwould 1ook :Like the. fqllowing V B. Theresg e i‘éur posaible ’
cﬁmbfnations of a two-part natHematical statement. ' f

p,
:
o

S }Sﬁmthf %able . - oy ]

2 .o Yoy . IS

’ \thi
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S
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" The truth_table associated with a compound stgtement using the conjund-
JREER | P ' v, 2

E] A -

R
’i% %

,‘ofﬂz\'i'"t:ah‘ " follows thig pattern:

N4

X
4

.
ralet

L

A

S

N
23

)

=

ewy

,,C!: LR TRE L I s N

“Statement A --- Mary is .a gi;c"fl?h~
) , .

«

3 -

Stgtement B --- John is a girl.
..~ .Compound statement: Mary is a girl or John is e gixrl
AT PRI . . ., TN

e
b}

[ ave

5

B
25 D | E
. > g

- ‘ - - 1
Ly . N . PP o ""31""’ .
. T\ ’ ‘ Ty

o ‘I’he con;pouﬁd?,‘stat.e;nieyxlt is true. Notice that .'bl’}r% Bropn usgdi

STy . . W d - R T Ty
ematical logic is the inclusive ;;\or'j; sometimes symbolized ‘"ag}djg_r;:\\

? e - RE: '-'l"n's' - >
K .. B - 2 <

. . L2 -
\5_ ."_ . . 4 N v

-~ iiExercise .6,

" *

LIoNCE T

P -

%ﬁ,é% Rewrite each pair of $nequalities below so that/ they“are ig the same
B e .. N N I N DA -
SR ense. _,

B ;"d‘to.ﬁ»“
%A ";‘é.z%:); Ty ot
Rt e NS 7 . B >4 . .
Bl s 4 Write them as overlapping <inequalities whenever possib;‘e,'

. 1 . . . ]
5 o < . . sy s .
BrIdsTRT L e

T, T <13; therffofe, 557 ,<'*_|3‘~ )

16+<21, 19 < 81 e

s

L

£

»

. ey
B < c; theregere; a <b <¢
- o B

e
paser,
;,1“?,"3(&“

A
LAY




(f) a <c, a< d ) T Coe .:”
v <tg)s n <m,m'< 1 therefore, n<m<l _ _ : . T {
W -p<q,t<q ' B o
_ ' ‘ (1) 7<l6 l&<7, therefore,h<7<16 .
) et o om0 S
g‘i * . 2.° What cah ‘be said, of two numbers ; @ anci”kb if we know that a <.b anll .
% - . also, a > b? Expleim your reasoning céreﬂllly. v
;%‘f ‘ ! Given a_'&_bsoa<bor.a=b, and © L . |
“j: Y -t a>p scoa>boras=b L . )
b S . tosay a <b and a Sbis a contradietion; therefore, , . - )
e o . .. , -
v e gbe . S
v 3 CompletSthe follomng teble by indicating in the proper space whether '
¢ eac;n part is true or false and whether' thé compound statement is true ‘a
o or flalse. (Last,.&:hree columns are blank in. Students" text. Y ; .
; .
N D Statenént A Cor'l’:}'lpgtion ~ Sta_ter:xent B | A Bj ggﬁg;ﬁ‘;ﬁt
 |mxampie: 5 <'§s | " cama - h<s' 'R | T P |
:4. (a)£w5<3 4 - or o '1+‘<5 F T 1
() 17 > 32 " and - 7>6 Pl o[- F )
()(5-1)%(2#3) | . ~.or . e >(6~1) Pl F| FO |
(a)- 2< g2. [ - oor | .7_2 <Z. | 27| °F I
.t e) 7 9 " Land - o258 | T T, -,

l}._ Complete t‘he following table by separatmg the \compound statements into ’
two parts. Tell whether each part 1)s,\true or false.; determing the con-~
".;"_ ,junctlon whieh is 1nd1cated, and tell whether the compound’ statement lS .

> true or false., Sl -'“‘ 7"‘ . ,”'J’ Coe
. Compound Sta‘tremen\t A ICon . Stata'n;ent B| A | B Compound
. Statément -4, 5 4 B - |Statement| ] .
%bcz:mple: 3k s | 3<hliama] T hes. (e fwl| T |
L @ 5> _ 1*“;“'5 >k ar 5= T/g T R B
T ) 3>ae>u 352" 4 ad”| 234 ‘| |F P ;
e e<6 %<6 goor Rl T 0 I T IO S B
PN [£) 2% ECA R - SR R = PRl I N S |
) (O 51>%8 ' %g 32(!). fand.. , gg;ég" IR | \
R , = = .

", e . 1owest common denominafor for (e) is 2 X.3,,2< 11 X 17 X 23. .




£ ’;’ ﬁ?ﬁ’kﬁ’i“ﬂ?'m“{"

e‘

e

+
S f:\‘}/‘ v"‘ ’ » . 53
- -<- 6 .- \‘ ’ oo [ ‘E&’A,f
5 () 5 <P <6 a L
w-a:nwnmk»nmowmoﬂa - M - T . ° ~
R e ~c) 5<5<6 . True ‘ ! ’ .
g { ‘ . e b T ‘ . * ) A .
T 55% <6 ’ TFalse Sl e g e
= e AN - - s
,‘i’ : ‘ ‘c N . . . ‘,. -." - .’;r‘
i 99%G " Ynequal Lengihs - : : . Z
%ﬁ_’“&% = - ' 5
%‘% Although unequal numbers were not defined in the preceding sectionsy. N "
e ' R
éi e unequal lengths are carefully defined in the presemt one. Notice thét the -~ N
s definition depends on the prior definition of additrion for length%, and in no .
Ga) vay‘ {nvolves reference to numbers. v Ty RN
. A ‘ . a .
. ¥ N - “ v o
N 5y L Exergis‘e T o - % I
T -5 ‘- . N -

For lengths u, Vv and W, write in words the following statements.

R " e -
vu (a) Uf__v-< W (length)U is less than (Length)V apd” ’; < . / "
A (length) V is less than-(length) W. ' s+ . "- .
§; (b)~ Ugv \ : (Length)-U- is léss ‘than or -equal to (length) v, _‘?' . . “35
i}, e . (_c'). U<vVaW (leng,th) U is less than or .equal to (length) V and '%}? 4
%ﬁ%; . R . ’ 4, ~$<'{1ength) v is 'loss than (lengt,hz?%u :*‘-.,
i;}jf‘e. Deterﬂhine —which st'atements are true and which are false. Give reasons )
gg \ g; in each casg. " ) 3.5 L «s«m Lo
’*f‘f (a) ‘3. feet’ 2 39 inches e ,F'alse '_ . e . . i ’ o
. : 3 feet 36 inches and 36 incHes ‘<39 inches

{p) he inches’ < 3— ey < J.3 yards o D 3 -

5 =.1+2 inches 1#8 inches T ke
T & . <

'

False '. " 2 SRR

It is true that 40 inghes > aw‘feet,»; . o

- & but l yard ‘= 3 feet- ana“?sg’Q fé”ét < 3 i;eet .=3~
. 4 LN =




“1 lO Measurement and Standard Units: A Classroom Ebmerlment

Wens . «

- ., . The experlment descrlbed is 1ntended‘ to 1lluminate the way, in whlch choice-
~ s .
,\(. ‘ of unlt a'ffects the resultlng measure. Tt also dramatizes the need for adopt$

1‘ng standard umts In the course of thls part'icular experlment however; you -,

° sh{gruld meke the students féel that the1r ovm umts are quite as good as an?(
. 1"". other, posslhly a- bit better. In th1s way you can convey the idea that there

k.s no 1nherent virtue 1n standard umts such as"'yards and, me:ters' Only con-

venience An communication causes us to use them. You may want to personallze

- )
PEY ..

the stu'dents units.a blt by naming them for their owners. .Thus "Bob" could-

be the name of the ler}gth of Bobls st;ck .nd it x:ould be dlscovered for in-
" stance, th.at s . -0

. -

A R e s cndmns T

' The fdllowmg are suggested answers ’t:o the questlons ralsed 1xi‘ é:he

R students’ tett. . . N . .
Tor . . * ‘:‘,e . ‘

2 /r' 4

.1 . YOu wpuld most llkely want to measuretthe :leng’ch of a room to the i
. \/nearest foot Therefo;\g,, a st;ck about 1 foot long should be chosen. S n

e - T The 1nequa)alt}y reported })y Don (29 < d < 31) indicatES he dld not S

)

4 Wi . ;
follow' métructzons L R B A

C A - o ot ™ ., ) -
S O . .
3. i(a) Bob had the-. smallesfﬂmumbez‘i of units in his measurement,, ﬁhere— :

PR o fore, he must have u the, largest sticke - . ST i -
. .j»7 {b) Frank had the smallest« "_ck. N A U L N
R » -F TR N - "4
- g, Don and Carla had stlcks which were closest to each other in length. ﬁ& ‘
R R ’ . s e et , S -
i -t - ~\ T L i ' A - ::’-
RS ' 6 If everyg_pe used the same s1ze stlcﬁ, all the 1nequalit1es should be . ;:
S Fierai .ol
. .m’;‘_. . the same. 3 . R ,d < § s . . LT e 5

: .' Q‘“ﬂl T R ’ e E . :

T. " Yes.' - Cone “ .

8. Yes, provided you carrled the pleee of chalk With

v gy . N ,f RS - w4 § e ‘vm Sty "
T, 9. . You w'o ld be able 'tza descrihe your. measurement in terms'of a standard

: . b - ’ ) ‘ * ‘-“ M
R T I cL L,
. . 1.1 Standard Units e - C e R L., :-. - .

ry ————————— ,“- - D - “ a0 e . .

9‘“ A S

Yot may want to spé{nd sbme class tlme d1scussing the impori!anc’e of having
s,tanda@d-size units. In the past, most unlts of length Were based on, the human
body_. Have some of yougmﬁstudents ,.look up the h1s'c,onx:;\/F oi‘ the pace, the irich, the

. ‘ %

o e, - - .

Emc e
. s . B ; .

,..wm....,m EX ' n . . .

~; Mo, ¢ - 1{: . N
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R : i
b?bit 2,1 the yard and, the hand. Have )?our students measure the width %}f theii' '
. .-,] P L L
palms \and. cgnpare a¥l of the Eesults, 1 % RS A ?} % '* __ 3 }}g S

R R - )....-L«e- ﬁvv -
Y e e “"f ! = 3

by AN NN

s - r [ AN ,,*."i‘i o
O “f /1:401' a/v'ind demonstration, have fh group)of’your students «fimi and bring “J‘ : s

! o1 # .
. t? class a length of threaded %‘_' steel pij:. Another group shoudd be a)aked to ¢ i .
bring é E pipe fitting. Show that even ough these pieces came from differ- . l b 1‘

. [ ot

L S

! - $ r K

oy

“The procedure of length estimatipn described in this section depends on .
“... caremlly formulated toncepts of length addltion (Section 1.6) gnd lgg th in-
P egua\litx (Section 1:8). It will probably be helpful to use the data collected ry

-

in the experiment on measurement by subst1tut1ng numbers in the 1iteral state-
\ :‘ments given in this section. Teachers testing these matenals have suggestedg'
) that the substitution of numbers in the literal statenents help children to . -

understand the generailzatlons. ¢ /__\: .,4,,.‘,“;'.\ . ‘5. *}T%JA

d : ’ AR S g, -
- ib’ . . ~ . . 4 f % - e - v ? r

l.l3 Further Properties of Order. The Transiij,ve Property - ‘ . .

el ¢

This section and the next .are important because they extract the prirféipal
‘"mathanatical by-product of our study of measurement » deeper know) edge of order

-

_properties. ’ , - e

.. a .

. It is a fair assumption that students st this level have very ﬂeak Aintui-
Ltive ideas about order. The ‘demonstrations described here are designed to -, )

ter confidence in using the transitivity pattern and in so-called
_addition " of inequalities. - : ) . - ] :

s 4
i, A

- - £ -

’ It may be. helpful in Segtion l l3 to give the student a broader view of

AN A U SR, - b gtiam e g
._1,} e -

‘o d
,eiations are transitive. Ebcamples of some that are and some that are. not may n
? . B ‘p té get the pointgacross. Such examples have been included in E‘xercise 8.- . ’

,.

’.l‘o stimulate ideas about length inequality ywu may find it helpful o have

2

wfﬁww- -
'the classroom about a%dbzen sticks ranging in length from about 15 inches to |

_inches in g -é'— inch. ‘Dowel stock, avaiIable 4n hardware stores in

] ee‘,foot leng:ths ; should serve well. Mark each stick on. the end with its

JE Y




: g r class discussion. Se&ect tnree sticks Ft random and give one to each
:i‘é_e students designated as the first the second and the third student.

et ’th“ first and second students compare their sticks, li.kew:.se the second

third. Record ‘the results on the blackboard in some such fashion as ' 2
'_-.‘ 3 g “""‘A’.r_. : ’-:: .

K> M, M > G. (Emphasize that these axe length inequalities ) -

py RS
] "Invite the remainir’{g students to predict an ordeg eI,ation between K and G, if . ! .
: . “»a». ra e -_ o :-25
%hey are able, nge K >G is_a plausible Prediction. If ififs mad’e, én 1.
iunnediate verificat:fon is cdlled for«fby comparing K and G directly. b : .

. Of course, many results will tuz‘n out to be in the following pattern, z_. &,
. F>H,H<D, . - : : .. .

3 in whiéh case no confident prediction can be made about an inequality between ,

.’” A F (ffe first object) and D (the third ob,ject) Getting the studerts to use , .. -

. restraitﬁ: where no prediction is plausible is dust as .important as inducing

(RS S,

them to make a ‘guéss where one is wai‘:r:an%ed5 ’ . M

N . ° -~

A simple variat on of this exercise is to compare students' heights in
pairs by having them’ stand back-to-back in the customary manner. A student‘

. set of textbooks- may also be-.used. N ’ T e -

[N c g

- -
° The goal of the demonstration is to develophn ‘the students the willi‘hg-
ness to formilate a very ge\m.eral,statement (with your guidance , of course) in

some such form as this: "Given any three sticks, if the ir§t isslonger than ol
) the second, and the second is longer than the third then the first must be e §
longer than, the third " You should emphasize;.in the course of discussion that

¥ .
.,  the conclusion reached is not a statement about mathematics, but is a statemerrt _.g
: N gbout the thsical hypothesis which d’emonstrates a pattern often encountéred )
’ within mathematics. Also, you should point out that statements about sticks
which are _accepted as true do not prove anything about numbers 3 aﬂ.though they .
T . '9"‘...—.,
: may suggest statements about mumbers. o o

_'.

3

Tnis’ same routmé can b‘é' performed vrt:h dtner measurements, specifidallyi
mass andwolume. Sﬁch exercise will .pave the way for discussion. of othér mag- )
nitudes in later chapters. It will also emphasize ‘that simila»r patterns arise

o., . 3

n different contexts. ‘. : 0 o 3

¥ <% ", !

4compare magses a simplgﬁ‘eam balance can be ea ily assembled as sug- .

-
~ s

: attached to the center of theﬂstick.‘ The file rests across two inverted Dixie -

cups.u L'L’he psns are, Dixie cups suspended from the ends.

;"'t;

fi?" LRI ARTS
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o S

Agaln, to perfo*mf the d-anonstration, assemble a dozen'or £ small ob-

jects of ccmparable mass , and fo'r‘ three selected objects let the students
: compare the ﬁrst with the_ second, then tHe second with the ‘éh:grd. Record

« - . 5 -

: Exercise 8 -~ - T * g ?

State the trans:.tive property of number ii:equality using "ggeaier_thgn"i
P

.
« -

If a, b a and c _are real numbers, and if a >b ana'b > e then a > c.

. - <

"Is there & transit:.ve proper‘by for equ&lity? -7 y

Yes.h If a, b and e\:re re,al numbers, and if a -‘"9 and b =¢

thena =, woa $ . (

Test Jbe following phra,ses -for 'c'ra,nsn.tivity

‘‘(a,)w:‘fas_c.>1dae,xc;c.h_an.~ S 5 S SRS SR
' 'I‘.ransitive. If "a i;,older than b" 2hd. b is ,older?han e", then .~

. -~

2 "a is older thanc . . ) - i

"(h;_')' ‘":ﬁives within 200miles or" EER MR Y

e
‘{ot Transitive. I’ a 1ives w}thin 200 miles of b" and “b lives .
wgthin 200 miles of ", a Aces not’ necessarily liVe ,within 200

¢ . '. . />

-2l R
S 29 o g

~ - <.

»
RRN
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\--‘3 - M
R T |
,5.’\
.

A

' , RIRE ‘> L % §§<
R \ : 9 . -
(d)ﬂ "is tallep-—t't? oo G & '

- ’n
2

| I
‘ |
!
Lo RS
iy i " Transitive If. “a is taller than b", and "b i.\s(ta]%l.er thaii e,
3 ‘( . '
} {

o B
-
92

] then a is taller than c". . :\)
' (e) "lives next door to" d . ,
y Not’ ‘I‘ransitive. If “'a lives next door to b", and "b lives™ next

$t 5 . i
© door to c P does not necessarily live next docir to c.. ! -

A .
} -

g
5
! {l . a,l b, c amd 4 are numbers. State an inequality betWeen a and d (whegever
;‘; : poksible‘).in each of the' follo?ling cases. o } 2} N _‘:)tl o -
/§ ) b<a, ca<fp,b>d . .thusd <a- 1! " P
. ! N (E“" d>b, b<e, b>a | ‘ thus 4 >'a % 3 . N : ,
i ; {e) d<c,a>ec,d 3a,d< b thus & < a 5 P .~: VRS -
b {d) e>b,a>b,b>d _. thus a d |, . .t SRR
) 4 (e‘) a<c,b<c,d>Db No conclusion; [{cannot forgnf an ”

'overlapping in uality involving

S s - - a and d (cpmaf' e. greater than “a)’
5.'7. In the four exercises below all letters refer to qu.mbers. ", J
S iR g ;
SRS Ca) lf p <aq and q <r, E/es it follow that r > p-9 . v . -
7 ~ Yes, by the transitive property. I,} - e : 'gf
. (b) Ifm>pandp> h, does it follow that w.> n? : * S
. . ~ - . - A
) 1 i'es, by ;he transitive property. ) } ‘ o=
T Ter (e) If d > £ and d > g, does it follow that £ > g? .k :
' No. It does not form an overlapping inequality. e
« (a) Ifh <kand'j <h, does it follow that k > 3?7 . _ T :
Yes, by the .,ransitive propert;y J <k which 1% ° " S
. & uiyalent to k >% L - ) .
&G .&L\ J ] ,ogn Lz e L

P

k]

equal;ities e ) : : ‘ ) »
N ' ) . ' ’ R

'_ . " Ebcperimentation with® sticks will result in the accumulation of many
'l ‘facts, such as: K <G and D < H. + Focus the class attention on a _pair of | ]
- '%%_H such inequalities and ask for opinions about ' a relation between K + D and G + H.

‘ A Here K + D is a neame for the new stick created by- laying K and ) end to end, .
sim.ilarly for G % (You may, £ind it. useful to write the symbols K @ D and
G@H to emphasize that & new kind of addition is involved. ) While opinions

. are 'being formed, you should carefully conceal objects K D, G and H, and
- , - . _ - S ¥

=30 2




When ‘the desired prediction, ~ ’ o - -

RRTNE : K+D <. G+H < L s et

; is made,t immediate vemficaftion shcruld bé made 'by experiment. Repeet the . _‘ &
': -rop:bine ;w:ctl} another pnir of inequalities until you thnﬁ you have established : __;

; A-x...«z" LAY SO Vs saoty "

sufﬁcient ‘cont enqe. Then ask the si',udents to generalize their results.
Point out that any conclusions drawn do not prove anything about numbers 3. 'but'
do sugge’st? scmeth::.ng about lengths,' : v o P ;

v .
. B v
Tl g‘-

IR o =

Vary the experiment to your taste by adding mass inequalities. "Ad&ing"
objects for mess purnoses merely means putting them together on the s@me pan

;. of: thie 3 halance. ‘- ~ - A
P e — T B Y ;
PR ] ) ' ] ' s
. . o . ; )
- » . - "
. : . Exercise 9. . . .

Givfen the four num'bers ,’R, S, P, U wHere R >S and T >U. Prove that

s RtT>§r+U L

Suggestaon' add T to both fiumbers of R > S and add S to both numbers
BN o of ‘1‘ >U. Now .apply the 'oransitive property to the ‘two o

new statements .

(1) ® >8. ‘ "f };‘}— given ' s C
(2 2r#4T 55w o . addition- propérty of mumber *inequality .
(3 T >;¢U"‘"‘ ﬁven : . .

- -l .
. () "S+P>8+U ”_. addition property of num'ber inequality-
(5) R+T>8-+U ‘: Statements 2 and 4 form an overlapping

3 M

. oee . © 7 inequality and the transitive property ,
. w - . .
o Lo~ ~, ~ may be appli - <
s :ifr ’ ' - . y P{\ gd -
) What can be- sgid a'bout “the Sun, of numbers x‘and y if . .
_...L.t.._.«. — {.,“,..._,J ,-,.,, - ._1.459, . J./ P A '«f
(a)22<x<25 . . o e g
Cohl <y <UL L L, S ;-
. 63 <’x+y< 70 4 .‘ . Q ,,-7" A
- o - /. . . 2 R
(b) First rewrite 3 > v > ;L“’to Fead 1<y < 3 . -
.]_M<c 'y o< 3 - CL 9 X CL =
16 e x < 28 7 o N ’
) .;-17_( <xty < 2L ... s - T e '
- . b . o . ) . ‘ ] : »
Y "‘ h "’?’_y ;
o 3‘“ - ' I3 ": g
‘3'.{; ‘ ,/ S
-«}@;,?‘3 ’ - ..
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compar,

'

d. compare?
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.
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s

. “r . . . - N - t'f\
v 1] - - s T NA..i .
e - e "y - oo g : :
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\
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/
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If a <b and ¢ < d, how do the sums a + ¢ an
r

)
/
H
'
[
i1
]

) Ifag¢band c<d, how do the sums a + ¢

}r
;f

I,

e
“T

il
‘
5
!
s
> -

NI, &

.k
sum of X a

. .- . .- Yo - - . N .
e - : ) . o - o , 3 ) o
.. . . ¢ . * Y ”w. : v“ . 't

9 <

>

o

+
-')
#
""i;_
&
o

.

‘rewrite x > 9 .as

a‘+c5b + 4
r
®

a+e<db +d

st

Nothing can be said about the

20 < x+y

‘11':<_‘y
9 <x
N
o~

Fir
o on

Suppose-that a, b, ¢ and*@ are numbers.
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. R MR
~ - . - E E IR

. ‘ - S
. ¢ . -
B Sample Test Items-2 -
. O e R o T B h
asurements , i B
- C - '« g - ~_,..~-.__;..4‘,, «Smem " . . ;
A. . Identify the.measure and the unlt ’ :
B e Rt b v .
B. Change each to an equal measurenent using Wiﬁ‘erent unit = p
R R s M NN “ Co . IR
" (a) 147 pounds® - ) YooooRos ’ T T
v, i -1 " . ‘ ¥ . . hd l . hd .‘~
.0 () T35 hours : 2 , ‘ S "
(c) 5 féet i « T ’ - Z .
‘ P A G U tamm et .. . -
(d) 6 guarts " A
U"se one of the symbols, " < ", "=, ">", to make & .true statement
v for each .of the following palrs. . ‘ oo ; 5 PO
(2) '10, 7 S ’ e g
& - - oL Pracs .
(B) 3 feet, 1L yard voooT oy e A I
- s ‘ ‘1’7 R . O > Sl S IR D S '.: P
() 5 mindtes, 3 conds - o 2o ¢
. . ; ¢~ L . v
! 2 4, 6 ) + * 1‘ l‘ ’ e ./',' v (‘\ a
@ (5 +1), —33 S , S
'(e) 7’ c ) - . 4’ - N LI L ‘.
Rewnte each palr of 1nequa11t1és below so that they are’in the same’ .
.~ Sense, erte them as overlapplng 1nequal:1.ties wherever possible. ' . oL x

"';(a)“'7>6,7'<‘9 o N - S et

(p) 2 feet <1 yard 2 foot < 2k inches » . -
o) p<d act. '
) S . P - ¢ k [y
(@) 25 g21, 25°>19 ¢ o . '
,(e) 3 hours <1 day, 1 week > 24 hours . T,

JMAssume that b, V W are 1engths R and select the greatest length in

—— e i b AN —

-eaéh o:f.' the follo wing s’qatemen‘bs ) ;Lf possi’ble.

< Y e
©{a) U<V<W h S .
Im vy, vow _ . T .
> = S . IR
(& U>w VW , e ’ ’ ,

(d) uV, V> TG I -,f

(QMU>V>w

T oo,




¥ - A
Y

J
Wlth the paper provided used as a unit measure 'bhe length and width f,

thrs paper and express the measurement as an 1nequa11ty
- | . . Y

a ) =1eng'th tNote: Supply a small piece of con- “ ] 1

. ) ‘ ' struct:.on paper as a stand,ard

- =width s . unit of 1ength '

~

»

s

-

- - ’ r .
Classify each of 4he following rela%ions as transitive ,or not transitive.,,
. . - o~ l:

N AR TN R s vpin BTe b

(a) "aivides evenly into" * . o .
(b) “costs 10¢ more than" . “ ’ e
(¢} *eosts more then® 72T v RT3 N3 T D by

(a) "is the. uncle of" - B .

-~ 3

W X, ¥ and 2 are numbers. State an 1nequa'11ty i,,)):)ei;wee‘h )I/and g in each
of the following cases. .8 & ) . ’ 7

(a) W>Y,-X >z,
M

P T Al

bt b e
(o) W<X, X>¥Y,

(a) 23 <M<26 and- b2 >N>35

'(b)~_27:>.Mar.1dN<13‘ R

¢ (¢) M<1lend 5k >¥ ’ .

(@) M<32and b2 <N L e

9. Complete the follgwing statements accurately..

v “

. /fixst may be greater BV , ‘ .
! N e A SRS S S,

'.w‘}- PNV (b)
~
L4 N =
e first may be : the :second. ‘ v
— .

(c)“’

107 If three different people, Aﬁn,’Roger, and Cathy chose different units ,
" ‘  to measure the length of a room and_ cax?e up with these inequaiitles of

.

measure, which person chose the 1argest unit of measure? .
* . /Ann 3 <m<35 0 TN - ’

[
‘ "y -

Roger 29<m<30‘“' ;'. o * .
" Cathy l;r <m<1¢2 '




.,f FERTR A msTen s,

CEg R

,’-:.

sing the. numbers a, b, ¢ and @ M

(a) Give an example of a pair of 1nequalit1es in the same. "

T §ense.' ) . -

e "(b) Give an exsmple of a pair of inequelities in the opposite -

sense. - ’ - L " Lot
s - .- . 5, v . ; ¢ .

(c) Give an example of; a palr of 1nequalities in the same sense . N L

which could be wrlttey as an overlapplng 1neqv;1ality—. T, e ™
i ] - - e L

s : . Y . e

12.! True or False. Circle T if you think the sta;bemenf, is trde. Cerle"F '
if you think the statenent is false. : : - ' ’

ST @ N R e
- (®) 5<5<9 T oY F o ‘ ’
Lo () 9<6<7 v iy F o . N
P (@ 8>7>6 "o~ e . o
% () 9<10<11 - ‘ x bp . o
ks, Compete the folloving tablle. & e : Cy ; Loy

v

. -] . -} Compound A B .| Compound Y8
S 1. Statement [| (True (Prue | Statement '
Statement | Conj.| Statement |  (if ° or | .sor | (Trueor | .

Ae‘; . B wpossible) False)”| TFalse) ] False) '

Tela
BREE W

e X R iodown

- oqle) j5«.~<“'6 and | 6 <7

N . N P " ;\ iR

I i

3 . ' - - \ S N LR %
é\’,',ﬁ.; N - ’ - :% o - - * 3 tk( T ‘;g
TONI . ot . 2 v <
\{,; N 7 (b) %, ‘-"‘ ’ ' )'5 S 3*" RN | e A e - V. a . 'sé

d 20 oL P .

s d ¥ . - “. o

. - 5<T'<6 ' : .

:
£
’ _— » . . . , N E:
e ; . “
R AR o527 : : , s
T e - - f N . -3
< RN - T e R | I . . . e, <
i . " * T8 “ T e
‘ N - rl F¢ . B
;5<3 5 <6 , e
. - | . o I~ N : o ’
|10 <12 - 15 <2 Y . PP P oo
4 LIRS s e PR AP I P e P Jnee . z
P T S — < v A N g N TR
.o e ] “ - T RN e .
c‘l/\ . . » .

. Sample ‘Test Items »- Answers ~ . P

oo . ) A, : “B. : T T
o . Measure Unit - . Measurement - Tl

[y
-

o

A% 2

¥
#

17 pound 2, 352»ounces ‘ . .. ;‘- :
) 1-%— Lo i hour n 90 mlnutes - 7 L A
: 5 , foot 3 “yards or 60 inches - ¢ . .
h '\."6 o r :quar_{: 12 p.*mts;,or l-lé'-.gg}lons Cow

b )‘ . R s .

. S PP
AT SR A PR Pl - SR



L EAg N ) : K -

[ ) . ! A . .€

? Ry R \ V o

) 3 . e R

LT e . o ‘,
. ' . T s . CE
| A ) 11 . . ¢ . R - . ., 4

¢ Ap)- 3. fpet >-i.7 yard . : y ‘ .
I S ° . ' e , <.

(c) 5'hinutes < 350 seconds Lo ¢

> B . BE 2 . . b e o < . ] -
Eauk 1) < 3 . . & . e RO
E‘%‘?“ I v -g- s - - o . R ;f“.,\,’ - "'»:f
bo: . (e) 7 cennot be related to’ c uniess value for ¢ is given., ‘ S
: A S . . . . - » .
T e toe . ‘ A,,‘:\ REVEE :

D a) 6<T,7<9 -"\-<~6<'.7‘\<9,“ ) ' N A

foot . L boogll T
: . ) :
1 yard > 2 feet > -;‘-Ifoot‘ oo LT
or 1-yard > 2k inches >% foot . . " o

27 %% Ge) =p <'q,’t < q (not overlapping) F ,

Rad
g .
N
o
:§‘
v
n
h
4]
[(4
<t
-
n
=
e,
s
0Q
=
‘D
L2}
Vv
+ Ol

i A . . - ) X
FEy. @) 2T <25, 25> 19 . 27225 >19 . \
25 : .\»%:\‘. ) - ] R ; . - 0 ~ ‘
< e) ;_?)-'héurs <1day, 2k hours < YT week .
. ct Lo - Yoyl - ‘ ' - T
~ ) *y«?'r > Z . - o . -
“  +"+ 3 hours <1 day < l-week . . \ ‘

X l - A L Y - -t
. - 3 h}lrs < 2 hours <1 week\J ‘ ;
.ll».' *(?) W ¢ ° T o . )

(b) Can’t tell; U may be equal to V. -or . '.
() U - . ) - . ? K ,3
s (d) v : e . N ‘ - S

(e) U . L

~
.

Should be. of the form: . bU <m<(b+1)U

Size of "b" depends on size of unit you issue.

. . .
T : I R ) PO N

o -‘T““(é')"" t’;’én'sitive* R R R

e

&

"™ (b) notetrgnsitive - R ~

it

x).v}?\

-

(¢) transitive" L Lo~

A
%

L2

. . )
: (@) not transitive . c - .

L ) -

7e () 2<w T
 (sw<g ;
Fa - L .
!
by
‘28 '




L . Ny Lo
T urigdy S e e
{(d) .Nothing ceh be said about the sum of M and N -~ .o ,
. » L R S el . R *

Sa N oo
&) - “Equal . AR SR coin
) Hfial The- second SR \ . .

(¢) siess then . = A N
& . . N ! ' . . * *

A

, ' ) / . 4 ) ’
. o — \ .
© \[/ : \ . -
d R . ’ i
) B N L T ! : . . .
i g ’ 1
p ‘ﬁ . ™
[ Hd . . * . 4 B N [N y _‘,‘ O ooy
*<c - = - = \"‘".1"‘ P 5 o s 4, A ) ""
) Yt Lo . - £y Lt T . : - N g
- BPET e ek = e S s § 3o B LAY P : - IR ca o vl
s~ (fa)"F&ls;'e ’ . : . . > %& o
."J c \,' - o \‘\ ‘ ‘\: e >, -~ i ¢ 4 . N - . ' i : F‘g
2L AB) True i T SR ' :
. ! . A Y e s - 7
i

. - Compound A 1 4B .| Compound

o4 o Statement (Txue " (True - .Statement
..-Statement hCon,j-. Statement] < (if )

- A B - '  possible)

«5<6<T~.

or “5=3‘ s ~

5<30or5<6
10<12 and 15< 2

kit

£

o it I
{
L%

S iy

2
3¢
RS
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e




; Chapter 2 B
TR A - . . LENGTj AND THE NUMBER LINE
~ . -
3 Tt . . - ' ~ g
B 2 'Using Related Units in Measuring ) SR o ’ .

s
’g'dx

,, v o . ’

|
This .chapter begins with the Unmarked Stick Experiment to, illustrate the

v

.,,
5
2

> %M“*j'i:ﬁ?» Other important topics treated are the metric system of length the

- decimal’ approximations to & real number, the meaning of measurement to the

.

-~ nearest unit, éxponents afjcientific notation. : . —— ,

The eXperiment should bring out the follewing mathematical 1deas‘ -

1. The extens:.on of the number system frogl the counting ml.mbers (stitive T
integers) of Chapter 1, when you placed units end-to-end, to the rational °* ‘

_numbers and other real numbers (irrational numbers) by Xhe Constructions of 3
Chapter 2. . - - S . _‘g‘ﬁ'

_2. The constructions use the following statemem; from geometry « v

. ' . . I

It a set of parallel Iinds cuts off equal segments on one transversal

it cuts off equal segments on every.other transversal. ‘I’his fact is

never explicltly stated but it is used in’ the process of dividing the

Lo line. (See Figure 2.) % ;
.".3. A real number may be defined in advanced mathemaitics, but we usually use

i . T
rational approximatiorﬁ to represent real numbers. '( £ means approximately - o
. equal@cr) For example, /3 ‘%:L.hlhz, ¥ 1.732, =« = 3. 1&16,%,12 £ .08333, -
‘ ',1-1- £ 7090909,
. _by repeating or terminating decimalsyle othe:? real numbers are represented

ls. . e . .
. .. X i
- . A

M;'w !&.,L The definitien cf‘po’s:.tive, ,negative “and "zers expo‘nents as povfe ’s of 0
o 9%

h999 More g}’ecisely, rational numbers are represented

°

o non-repeating, non-terminating de

and "the"l'aws *of exponents for.powers of 30. S
#5, A 1ength can be rgeasured { n many units by us:.ng appropriate conversion \ Moo

factorsA The measure of the length in terms of one unit can be transformed

into the%measure of the length in terms of another un,it.' . ‘ .
N Al ' . . ) ‘
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. Students are e to: worﬁ'md?wdu-ally ""E"’ﬁ”‘*{?ﬁd‘” at shou‘

k)
v e
R e e

-

[P

following” equi‘ﬁnent e S ; Y S
CTLITITEIL e o e 3’ e
RN Bt’raight st:t&k—«(aﬁp‘gdﬁaa%iy 2 é‘) “ Y -

y e

"I‘he purpose of ,this experiment is: *

. S
1. To show that the choice of un1t is arb1trary. . In addltlon, the ‘choice L

of . the nurﬁber of equal divisions of any unit is arbitrary We use a decimal
system since our number system (Hindu-Arab:Lc) has a base ten. Our monetary ,

system is decimal.-The metrig system which we® flnd used on the calibra‘f;ion

ERY N a2

of’ film sizes, foreign cars, some rifles, and in the Olympic Games is 8 ..
decimal system. ’ i “\ - 4 - - QQ_‘ .
. ) 8

2. To obtain upper and lower estimates for the length measure of different

- '

~

%; objects. - - . C “ RS
THE I I s ' ! . : - ey wes W
"Q._ . ¥ + ~ - - ) ) R\ ':
5; e - .3+, To learn fow to divide ‘a.length into equal parts. . 1 s .

ok, To'-étain a succession of better estimates of a length.’ .- -

5. To compare?;different student's estimates of the sameiien"g:bh. - ‘..
6

LY

[ - 5 .
-6, ‘-‘lb*-réj.nforce the value of the decimal system. Sl
T.», ~To emphasize the need" for standard units. . . ) L
. ‘ v L. Wy

) . ) S A
8 - To discuss the conversion of units. :

) ‘9.3 To discuss grrors in measurement due to hunan varia“bility. coe
S o . - [
(2 E) Ly » . ’ Yoy
et e 1 . . . s A S
@t% 3 ,,‘l .2 ~"'??_"‘Fa,1 5.of *‘"‘th‘e axperime_flt ! -3 ' s jSW" 4 ’ [ o :
}2?\‘\. Y 3 l., Foandy v e 1’4 % S L& s, ‘9 ] . W&;ﬁé&’;

il
%

Each student must bring.to the classroom a straight-edged unmarked“
stick approximately 15 inches 1ong The student. should use his stick to
l measure the lengcth of one of his books. He. should record the result both
és:»an inequality and as an estlmate to the nearest “unit, ,, as illustrated i’n

'I'able 1 in 2. 2 oi‘ studem: text. He should make-a similar measurement and
a. record of the '“j.ght oi‘ &he door and of the width of the classroqm

e
- A P Ee
. ;‘ - 3 - L
e : ] : -r= Y .
;r:}*' . ‘l. ‘ ? » . ~ -
i ! i t \.? . ‘ N A
T . : o .- N—
% * v ‘ PN .
o . e
. . 0 [ L
., R N v
o 3239 ST,
-3
»F 'U “ {
- N 3
- , R » - o - . .
. - £ e




#Semple Data D Y

S - :
e B o e
U e L . P e y
‘i\ -l 0"< measure of h%fzék <1, 'he'arer tol * : . ' \ 3:5’47\’» ‘*
Vo< measure of door <-5, nearer to 5 4 < ST, !
‘Iu 15 < measure OFf. room < 16, nearer to 15 '. ' R Lot o

‘. D Al;l measures in U, while nei\ghbsr/fs unit = l.lQU. L.
P ! i R r ' . - g
- He should take two sheets of ruled notebook paper and tcheck that the

w
’.Lines are .equally spaced by €omparing therdlstance betveen lines on o*xe R _\
she,et with ‘th/e §istance betWeen one pair of lines on the other ‘Sheet, as T .
; ’ e~
illuStrated in Flgure 3 of the student text. o . % . <
L4
. After deciding that the lines gre equally spaced t§he siudent should ..
- PN
8 ) scotch--tape the two sheets together.as illustrated in student text Figure 4. /
,(‘ ‘ ; - N i
{ w!@r‘k the topmost line with a zero and then mark every th1rd line con-— . .“

secutively with a nuimeral from l ‘to lO. Place, the stick so that one end
is lined' up»with the line marked 0 and the other *end of the stick is lined

.

. up with the line marked 10. UsSing the numerals from 1 to 9 S,nclu,sive,‘mark. '

the points where the correspond:mg marke'd llnes meet ‘the stick. ’ -, |
. . . I_ “ﬁ@m e f - - - > . o 3
- . The experimeht should be done m stages. After ,&he data in Table I =

has been 28CO ded it ].S desirable to have 0some class" diseudsion about the

inadequacy of‘ thls measurlng, 1nstrument and the need for division.., It should~

v

‘be emphaslzed that for the t:une belng, we do not have any standard measuring

equipment and "chat we dq not haVe dny mechanical means’ for dividin& lengths .

into equal par‘es’ Ve do not ’know¢hat the lines on the note iaaper are* B
equally spaced This wlll be checked in Step 2 bf the experiment. If we

_ ould cOnstruct some. Make two marks on a T e

Usmg th:!.s d;.stance 1ay off 8 sucy
We ‘do the same On the other

TN ek e

y cession. of marks on ‘one edge of the pa
-ﬁvﬁ.»wtk M—:u.‘.,.) aed, et £ L ..:WJ

. dee L




that the 1ines need not ’oe perpendicular to xhe edge of the paper, 7

-

ey need only to be equally spaced. ¢
L4
Before the stick is divided into 10ths, there should be a class dis- C

cussion of Figure 2. Begin with’ & triangle ABC. Then. divide the side ' .
AC and aide BC into four equal parts. Draw 1ines through the corresponding

s

divisions anzépoint out that the 1ines are parallel. If another line, not
parallel ‘to the ‘base ) is drawn anywhere in the plane the parallels wi11 cut,

off three equal segments on it. See the figure below.

“ir » . - N : v

). ~ ot . Figure 2 .. . . .. . B N
4 ’ £ . . ) J o - .

_ Use the stick marked into 10ths to again measure “the 1eng'th of a book -
the height of a door, and the width of the room.' Record the data in Table II. .

(Teacher may stop Jhere ﬁith some qoups ﬁ A A ! - o
- L A
. ' A Sampﬁ D'a"ca ' . .

- Ry Table IT ;

; . o 6'< measure of book < 0.7, nearer: to 0.7

»1&.8 2 meésure of door. < h.9, nearer- to 11.8 4

e

FE /A
15, 3 < measure;.oi:_room < 15 lp, nearef to 15,3 v,

L “an measures in U, while neighborq.s‘\ unit = 1. 12U. e

3 - . . .« - - . ,;
)

A o Use -a sheet of graph paper containing loigquares to the inch angd number
) _”successivglines pq“i’c from 0 to 10 inclusive. Pla’ce .one end.of the st'ick N
d.0. Adqut the stick so that the poixtt marked, 1 on the
bie coincides with the line marked 10 on the Fheet of graph paper.; ;;”é:_:
] sti\‘k at each poin‘E where the numbered lines ‘:i.nter,sect it. ~However. }
the marks should not be. num‘bered. . 'I'his proc dure has divided’ the i'irs .

‘loth of the stick into 100ths, Continué this procedure until the ¢
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) Teblé III. " L
~\m 068" < measure of ‘book’ ‘< 0.69, nearer t0°0.68 ' L
) . 83" < meagure of door <-4.8L, hearer to. 4.8k '
. 15.31 <measure of room < 15.32, nearer to 15827
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ALY me'asuresi:izg U, 'while neighbor's Gnit = 1,120, % -
- B - . . '

RN

. v
Eor later use » each student should measure ‘q’he 1ength of his neighbor'
ick to the nearest 100th of his uait. : ..

A
vl

Q
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¥

ey zi\
W

through c. I.ay off -the length CD three mqre times on the line CD. Oonnect
These ines yill divide the )
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£

o
\W‘v“'iw".ﬁﬂh‘f ¥ 3.

ot - ’ L) .
34 If you are measuring your des¥’ w?gh a meter sti7ck marked in’ divisions ! “‘_ :

L. {
e its measure to the nearest hundredth of your unit. Uﬁ,e this number to

’ ‘Ii’ Lhe. agreement is unsatisfactory, can you give some 'e:‘(planation for

R N .. ". . ;". § T, ,"-:\.;'"
. i . \!:.f”% ~ ’ . (e R
After the ,;student has completed his thr.ee sets of measurements s 8. class-

room d1scu§fsion about the difﬂculty in comparing the measm'ements of d'ifferent

students leads naturally to the need for a standard unit and to the in{sroduc;- N

Y

£ion of the metric system. \ .
} ) L

N

‘l‘eachers desiring to use the technique of the Unmarked Stick Experimen‘t

foxr- other objects ‘or events may use the Soda Straw Ealance Experiment found

~in the Physical Science Study Committee, Physics, Laboratory Guide, Heath, - N

1960, +page 1l. .

Ny

e Exercise 1 ) =
3 . ———— N ‘T\M

-~y .o :
1. Explein why moving the sheets along each other as indicated in Figure 3 -

shovs that the lines are equally snaced : Ty

* If the lines were not equally spaced they would not coincide

“or métch. ’ , . .
2: How do you keovw that your nrocedure for div:.ding the stick into tef -
. parts of equal length really 'works? Devise a method to divide the
-~ stick into seven equal parts. ) b ) - R
If the lines are equally spaced then any pther line drawn ‘across '
¢ . these lines is divided into equal line segpzents by, these lines. ’
“Place the stick so that the ends of the gtick are on lines marked o ;
: -0 and 1. then mark on the gtick where the lines marked 1 through e
. 6 Teet the sticks S St

dom to millimeters R how many decimggl places will you be able to give .

. C

-

3

!
N

4

oy A b

in the measjire inequ&lity if the measure is based on units of

(8) ‘Meters? S : . o . ) : \‘,: ‘ : ;
Y v Answer- 3 .C . © ...::gw S R RN ‘
- ,M,(b) Centimeters? S £ . . :
Answer. 1 . = ‘ D . ‘ . '\__
‘ v (c) Kilometers‘7‘ - . . " ) s -
" C AnSVer. 6 E : . . -

.

L. Measure the length- of your neighbor's stic}c witfh your sticl&, and find

< convert\his da‘sa in Table.I to measures in telrms of your utt'it Do, the‘ . i
" results you fiind this way agree with your measure\m;&:s noted in Tablell? U

» '.\ ,\ . -~

o the disagreeuuent? S v, y
) o Vb y Bl oo - ~ 8

C T St !
N D . Al

B °. . 3 6 ° ST s “ B
- . 4'-5 - 3 SIS TR L ’ s
. . N G . H . . vy g




Convert your neignbor s data in Table III to measure 4n terms of your
um&- Do these results agree with ypur measurements noted in Table III?

Is the agreement between your result,s and your neighbor! s results better -
.oz?'worse nov than in Problem 57 - .- - TR

. -
- R

~ 4R C . . e . ”
f& and *j»"‘ Lgt us call the 1ength of your stick 1y, and call the length ’

o «of your neignbor s stick 1V, and then we find that

ER 1V = 1.120. ‘ ¢ -y

. Then &f he measures the width of the Toom as 1. 26V, we can convert -

- v to U units as follovls , . ')j " aen

' » 1.26V = 1.26 x (1. 120) 1.k112y. R

. Since the heighbor s length was measured only to the' nearest 100th T

- of a unit, this result should be rounded off to 1. I;J&gg i

", Notice also that from (1) we obtein

“a e

4

Y o W = 1112 = 0.89v P . SN
d by dividing by 1.12 (or multiplying by ——}E) so that it is ‘pos'si:ole -

., = to convert U-measures into V-measures. £ . &

) Say the desk measures 1.37U; then : ' ; . ¥
L 1. 3711,- 1.37 x (0. 89v) = 1.2193V ’ b ’
* and w,e round off to 122V . N _ .

) oo b X :
L L s : A oo
) : . t £

.3 -The Metric System of- Length .-

As stated in the first purpose of 2. 2, the cifoice of unit iN‘bitrary

- - and the choice of eq.zal divisions is arbitrary, but. tlffe metric system pro-

: vides usg with a variety of units each of which is divided in ten equal aivi- -~
-.- sions. Jmerefore, it is avdecimal system. In the stiidént text, we have *°*
limited the discussion to the metric system of length _The teacher may feel
he needs to include other objects and events such as area, volume or capaoity,
weight or mass, density and “velocity. For example, the "glugs" or "fish
weights" used in Chapter L of the text could be used for' arbitrary units of

capacity and mass r’espectively C el
- ' ey

¢ . 2, -
* . LTS

-;‘ r ‘Stuqsagts S,h?ul@ become familiar with t¥e prefixes used in the metric,_
system ‘I"aey ghould be directed to yarious sources of reference for their )

'lnforﬁlation . : e '; ‘,:.* :' s . |
& . N

| H ;
i, Notice that in this text?a leng%th of one meter i ot the }gength of one
’@parti'eular distance but is a property of all \sticks, or obJects, or d(istances -

;o
o

ERN »

.
ad




2.

— : ‘»nv
. . 2.0 .
. . a«&# abr
.- : . o ;..
] . ) » A
which heve the length one meter. Therefore, a statement sach as ¥%’

1l meter = 100 centimeters TR

N z

is an a]ctpal equal%ty, since one meter and one htlndred centimeters are botl/
natﬁes for the saufe length. A length such as 3.6 meters means a length which
‘is 3.6 times a lgength of 1 meter. That is why ‘we can write

.

%. \ \36m~36x(lm) 36X(100cm) 360 cm '. :

-

and 100 cm is therefore the conversion factor to change from meters to
centimeters. Similarly, since ) Lo e -

» : M §

1 centimeter = = meter

100
. and 360-.cm = 360 x (1 cm) = 360' X (Té-B m) = 3.6 m .
. " [ . - . .

the cdnversion factor to change from centimeters to meters is léO
Problems k& and S of Exercise 1 show this conversion for the student and.his
neighbo“s units. This procedure can be extended to other systems as the

probl indicate. X % )
S - . . { A
] ,) P ]

\ ' - - ’ . u

. ' Exercise.2 ) -~ SR ‘

Millimeter Centimeter | Decimeter Meter LR

Measitre " Measure Measure | WMeasure - - i

5672:.. G o
v ' A . ‘20.1;:'?&,_“1 .
c "~5.056‘ ) - " @ ;00005‘ | ,_ ’
¢ | . @ : 23 | e

~

Do ' r
lﬁg, Dekameter * Hectometer . Kilameter ; . : :
. Measure Measure - Measure R
2 5.672° - 5672 . .056T2 _ . “onm
b | .2047 ]  .02047 - _ ©002047 '
b ') | .0000036 ‘| 00000056 |..odo000s6 |, ;
a’ 23 . "'-'.023-‘. ] . .o023 S

s K S ; . sy
< i :‘ 1 « O

Deacribe a counting proceaa that could lead to a meter-measu.re of

23 987.- . .2




BTG

2 meters
o 256 millimeters = .000256 kilometers

1216 centimeters = 121&50 rmillimeters _— , o .
536 centimeters 5.96 kilometers . . Co e

e
XA
A3

2y
S

lf:;

7

Y,

S

8

NP
g

'-—afoot = 1 inch

Tt Rl . Lo TR e
lAngstrom—m centimeter - . R -

6 feet = 1 fathom

l6é'feet=lrod R ' 2

K

inch = 1 centimeter ' )

. ’ g . .
() 12 feet 1kh - inches . .
(v) 818 mi}.e = 20 yards ~ ' S .

" (&) 12,000 fathoms = 72,000 feet . . 3

(a) ‘1‘0(')0 Angstroms = 16,600 meter :

(é)' 1 meter = 3.2% feet [l o= lOO cm = lOO‘X (_—E in) = .
’ ,, o 100 X (—E)

(£) _-1 inch = 254, ooo ooo Angstroms [1 in = 2. 5h m = ~
,511- % (1000 OQO Angstrom;)]

s“‘j"

r

)ft] K S

v

X

,;1,
N

;4..-,\4'
B

. 2& and 2,5 . ‘Successive Approximations to a Léngth Measure and

. The Detei'mination of Length Measure L . .

~

n » o

The aim of these two sect¥ons iB to show the students that a sequence of

to convince him that this sequence defines amumber. The text intentionaliy > "
ignores th&distinction between rational and irrational numbers. ‘Tt may be ¢ "
desirable 2, with some students, to point out the distinction to show that every

rational number has a periodic éecimal expansiem Conversely, every per- . *
; ',iodic decimal represents a ratienal number. Fina].ly, show that‘a non- a

wE

oy N
Pyt

‘\nating, nonperiodic decimal is an irr?tional number, and conversely
‘ful materd.al for :this topic can be found in SMSG Mathematics for Junior ey

5
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< » T+ & . Exercise-. 3 : ) . . "ﬁ“"&'

Which of the following ,is % more accu.rate estimate for the same length?

8% A
Za) 3.25. S d < 3.26 in meten measure or
3236 < @ € 3257 in millimeter measure . s
T ) 3256 < d < 3257 in millimeter measure e

»

(b) 561 < @ < 562 in centimete:, measure  or -« )
56 <d <57 in'wllimeter measure. . . .

56l < d < 562 in centimeter measure

-

(c) d < l#790 in millimeter measure  or

4189 <
.789 <d < k790 in meter measure . - .
both- tire same’ ’

<
-

''2. Which of the ;bé.owing gives the most accurate estimate of a certain

length? R . _ ° . .. .
(a) 1in weter meastre- 5.81 <d<s58 .

(b) 1in kilometer measure 0.0058 <d <0.0059 " . ) )
(e) in milliméter measure 5811 < 4 < 5812 HE . T

‘(d)‘ in centimeter measure 581.14 < d@ < 581.15°

!
(@) is the only correct responqe

3. Suppcse the dekameter measure m of a' length satis‘fieé the inequality
. '8, 9671+ <m<8. 9675 Write inequalities for m in terms of the units '
used ‘ln Problem 2 ) - wm . l .

»(a) in meter measure’ 89.674 < m <"89lﬂ675 .
(b) in kilometer measure 0.089 <m< b.'989675
{e) 1in millimeter measu.re 896 nm< 89675 Co
‘ - (d) in centimeter méasure '8967.4 </'m”< 8967 5

A ‘e

At what stage in"the following seriés of approximations has the . -

e

procedure oi" successive subdivision been vidlated?
-~ ‘ ~

S sga<6 o a0

. . oo5bgacs8 T ' Lk
;‘_ .' o . 5 63 S \<5 61} ‘. ‘ ' : . '. R y .
:; . s 631 <4,<5. 632 T R ’ ,.‘;;,,:

es any1 one.‘of these inequa{ities contradict another° ': “ L :

~%

RO
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Exercise ll- ; D : o

fooanr T

. cgm<50 K : L
49.3 < m <94 s . . S
49.37 <m < 19.38 - . o
%9.37h < m < 49.375 ‘
49.37THT < m < b9.3TH8 © - R I

i

Lo LA

X5302

’(‘—*-"‘.(

8"5m<9' . . ‘
8.9<m<9.0 . o |
8.9 <m<9.00 - : o
" 8.999 <m'<9.000° B _

© . 8.9999 < m < 9.0000 . S

P
o
~
w
e
B
-
- )z
o
Snts

“ud

2o

' 3<mch . . : L

B2 < W< 3.3 ' e e ST
. © - 3.22<m<3.23 R .
o ., 3:220 gm <322 . ST
32200<m<32201

‘

‘

7

2ivy

2 et B,

pres
27

Ui DY

f
ol

Sl
A

-1&<14<_5'"
k. 0"<m <kl
‘* 00'< T < k. Ol
1. 000 <m <-,1+.001
£.0000 < m <vh. 0001

Ly

N "

s 1&<m<5.,@;3f .
' l*5<m<1+6
e. 14'50<m<l{-5l: 3
. LgO0 <m < k0L,
¢ w000 < m <"4.5001

- 13 Ll y .
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‘i‘}& . F Y
' o . . oy W - . ) . . i R B .
. ' b<m<s - SR AN
. h1<m<h2 . . . SOl
= ' bk <m< b 15 o
iﬁ; O - b 1k2<m<1+1h3 < . - :
S e ';hw%%M<hm@ = o v
Guess the value of m in each of the following ca»ses- . S
(a) b<m<s re .
hikmche, .. , o ‘ i
4.16 <m <7(h 17\ . ' : -
h.1_665m<h.167 . . L 7
X and so on . . v Pl

. () 2gm<3 R
;i T 26<m<2t Lo s .
© 2.66cm< BT S Thgen 4y
- 2.666 < m <'2.667 S : i "
Vo - ané so ,ofx‘{e o ', o

0 . RS

T (e} T 3<um<d

) 3:l.sm<3.é‘ ‘ - - . .
Jo - 3.1k s‘in;<:3-15 . ' )
3114l -< m < 3242

(THL5 <@ < 3. 1h26 - . . 2

)

S

o - 3-1h159 <m<3. 114160 ' L

) gmd so on” ¢ ° | a .
; . : L e )
v, . R

N .

- . "‘i'\ll?» 1 . 3

g ,Many students Yonfuse "rounding off" a nuwmber when the teacher specifies .

theﬁnumber “of s.ignificant figures one’ time and the numoer of decimal places

PR

, ﬁnot%e'r time. The scientd\fic notation coming up will overcome this difficulty.
The p{oﬁlem pesed when the last digi 18 5

does not appear here because we are

e,
s




instead ) to giVé the two- digit figure nearest .to n where we know that ;
. 2.75 <m< 8.80.. - S e T
Clequy, the answer in this case is 2.8 . If the inequalitks are not ;

and you are pressed to roqnd off 2.7p, it is suggested that you round to R

the next highést unit {in®this case tenth), thus,'the mgnded value is 2.8 . -{._;
’?«:‘ . . ) . ] '”.

= t

Wl . - - ) Exercise 5 : ? / L
. —_—

1. 'Q:HB:I many* signii:icant fi%fes are there in each of the following numbers? b

“(a) 573,02 .5 T
(b) 2.91 3

(c) 3.1kisg 6 . . -

(d) .005706° b ! .

(e) -5,296;000" & (possibly 7Y “ i ¢ ;

(). 3.780 o 4 (possibly'3) " - . ey N

. ENY
" ir, s ~

2. { Quote the follqving measures to two signlficant figures: b

L

4 A

(a) 31+06<m<3!ho7 ! 34 S

\) .0765<m< .0766 CoLom T
(6% 1374 . <m<1375 .7 ., . 1400

(d)).000567 < m < 000568 | L0005,

() 29,83 <m< 2§K781+ ; 30,000
(), 125-< m < 135 - ' 130 .
, (g)i J0195 <m < 40805 " ' "'.oeo

v

_Writg the’ inequafities im;plied “by the followﬁfg meas
cpam 18T approximauely i . N 24
{

; . , o
‘~xfa"-r

“(a) 2.6 ~ o 2.55% m <265
V) o5 . " ioThs < w0755
(c). Book 7 2603.5 < m < 260k.5
a)Taless L 1.0585 < w < 1.0595
,(e)_m, 003 - ! . %w.ooes <m <0035

S (2) 276.53

216,525 <m<276.535 L, . - .



Exponential notation for povers of ten is introdyced. It is reecommended )
'I:hat in the beginfing only powers of teh be used. Notice thet the defipition
of an exponent is ehanged slight,ly The new definition ‘has the advantage

that a zero exponent has a natural meaning and that s later on, negative ex-

r\ql

ponents will fit in quife naturally.ff .

.

- 10 " Where n is a positive integer is defined 10X 10 X ...

L. . ——— “ ..

) s - - . , e n factors * =
- 10" x 10™ 15 defined 10", Therefore, -
- . . “ M . . S N . FANNH
Lo w10t 10 cgertd) g0 oLt
+ b n - »
‘ el 10 ‘ . v
10" - 10" .’ ’ R

. . 10° = 1 . - .

. ~ 4 -
s . t co ‘

‘i@? ‘ :
“Write these numbers in a form that does not contain exponents.

7 @) a5 x10% 645 T .
5, (b)) 2,3 x 10" - S *= 23,000 -

-, (&) 0600k x 103 2 Lk : - )
(@) .1o0.562°x 1o°‘_ - 10.562 . . X e -
(e 10 < © 1,000,000 Lo LT

)] 3008x101 LT 3008, . oc .

;a&fég) 16.0 x 103l+ C . 163000 - . )
" (n) 5.280 x 10 . . 52,800 .. . CLTe T
vl (1) 1o>'<1o.2 - 1000 R
©9) 1 x10°x T .. 100,000 BN '

,42. Write these numbers in a form using exponents in such d way that t ’
. decimal, point follows the first significant figure ’ )

(a) "6, hoo 000 ;" 6kx 1.06 S
%a(b) 645 L 6ibT5 X 103
S () W56 Co D msex1e® o
L(). ﬁh 150 i 3.14159 x 02
,,e) 3000,00,00 ' Caxad
I'(f) 256 /J‘"M ' asE xe10Bie,

9.327560 ><>1o3 .
9.8763 x 10

%(g) 9, 327 560



D L e
are correct? .

'ix 10° ¥ogx10° - -

33 ’;(%x 10 xux105=1_1‘x 108 . R
_Z) 2 x 103 x 3 X 102 = 6 x 107 =,
) 19x1o°x7x103—133 ‘103

(e): 10 x103x10 107

«#) o x103x10 10° -
() 3,x10 x5xlo3—15x105/,,

(1) 1. 2&10 x 1.2 x 103 '= 1.4k x103,, -
0 0 ’

1

(1) 10° x 2 x 10 =2%x1 .
w7 (F) 11 %102 X 2.56 = 2.816 X 101‘ -~ °’ .

T(K) “160 x 2.5 x 107 = k x 10° e

) s5x10x2x10 = 10> . S

o ' (a/)r\(c),"(,d) (e): (i): (k): (1) { ‘
. Note: These angvwers are numerically correct. Some )

answers are not writtea in scientific notation. o

*‘ -
- . 3, <

Fill in the blanks “ . o A . ,‘q

(a) 20345 km = 3&,560 cm S o

() 2.4 km=2600m - o e L
- (e) 9. 0000614*:11“*— 0.006k cm < - e

(a) n5.62 cm 0262 : " Co. .

[ 1]

(e) 37.6 mm -o.oooo37o km . .

(£) 37.76 x 16° cm 37 760 mm . ,

() 057 %,10° m = §7oo , ' -

(h) 3, 762,598 mn = 762528 K S .
(1) w578 x'10° cm = k5T8km x ' BT
() 4.67 x 10 °m = 1&67,000!000 cm R R T .

.2.5&xlo°cm=258m _ %‘ . L
.6057*x 103 m = 2-700—xm‘n L ’ o
’ ~= . . ~

N . 4

4

Negative Exponents. Scientlifmti}on

N N ‘

,.\Qe uge of negative numbe)is as, expone ts here dogs ot impl\( the necessity
;time. The negatl‘ive

Only an alternative notationa?l. f‘orm to the use of positive equnents

."l‘

eVelop,ing the negative numbei}'s in gener \l at this

'}
It would be better tog defer a d{scussion of negati.ve

% Lo
ws5Hg '




R

5

ii;vr% " The: student sho.xld discpver for himself that exponents add when powers
G are multiplied. He should also discover’for himself the rules »@r the addi-

o

tion of* signed nuﬁ%ers. In some cases the stu%ént i1l also discover that

exponents subtract when powers are divided.

| Exercise 7
M n\ - -
Expmss in scientific. not@t'ion. Use a World Almanac or 81milar reference

“book to get the appropriate numbers where they "are needed. - &

U‘
. | 1
. l.' The speed of light 'correct “to two s:tgniflcant figures.
3.0°% lO m/sec .or 1.9 X 107 Jmi/sec

2. The speed of lignt correct to five significant figureé.‘

g

"2 9979 X 1o m/sec -

S

.

G TR
SRS

number of Angstrom units in one centimeter.
8 - TS T
cm " .

1'% 10

:::SF\/& R I

aumber of met;ars in one' millimeter.

«
ko%
I

Fesr

- 1
1x1073m :

number of kiloteters in one mill‘imete.r._
1 x 107 kn ~ &

\ : ' A,
annual badget of)he United States.

-

$96,x10 (964)

. \ . ; - :
magnitude of the area of the United States .inssquare miles, , ..

B & 2. . :
U. S. A“.: ares 3.615222 X 10" mi ‘ ‘
‘v

magnitude of: the are&ot‘ your‘state in square mi e
Alaska -area 53864 x 10) m12; Connecticut arez 5.009 X lO3
—6

'l‘he ‘rat,io of the number in Problem 7 to the number in Problem 8 g
Carry out the 1ndicated calculations and ‘write t"le answer in sc,ientific.&

2
mi,
@ ]

%

notation. ’ s S

6
36x10 ;_ e a“Areaa(USA)
s 7-02x10 Area Co

t

}X* 103 Eoeo :
Caqry out the ind%cateé calculatiéns write the ans% in scientifie
E not;ation'" :

t 1 i i .

L

!
L v
10” (1 6 x 10°) % (1.1 x ioej =




) R ) . B u'w o o » - ' - . ";N,'q“?"
o 4 L Ty Cem e T
. e«;‘ o . > g‘;f
Tt 3 A -2 . A, .t . -
'~(1.6 X 10°),%(1.1x107°) = L76%10 . = . o i
T e " e 1, ~
(1.6 % 1073) x (1.1 x| 10 %) = 1.76x 107 . T S Tare RERER
ARk N A
(1 6 X, J.o )*x (1 1 x 10 ) % (1.76 x 10 : ' - e
Use %he facts that 36. in =1 yd'énd 2.54 cm'= 1 in to express.&m o A""g._a.“:ff
- - . > 0 g
1em. in yards. . 3 ] . -on ’ BT T
109x102a o e T e o
e . : , - ’ . e
I the épeed of light is 1. 86 X 1.05 tiles per ‘second, change it N
to meters per second. Use 1 mile 5280”)( 12 in fg‘nd 1in = 2. jh cm . .
‘. S .
e B "
2".-99'x 10° m/see v R o § - v

; ‘ ‘ ~ ) :: e

% d [ g??g;
This section introduces the student to the number line. . Only positive g R .

numbe;s are indicated to allow for the possibll:\.ty. that_the instructor may not~' ~

b2 2 _X

\wish to discuss negative numbers at this class leyel. However, the zero is h ”

, Syl
//placed nsidé@ﬁe line so that the instructor can aise the question of what L
numbers dan be assigned to-the points on the left of 2ero. ’ ;4 i P

..‘ - a- A . w

..For further discussion see Mathemat;(cs for Junior High School Volume 2 %

‘ ‘Part I, Chapter 6 A N o
. .‘/ [ ) . . , -~ .; —_
o ,’ ' Exercise 8 ) . . o
A ‘ ’ ) ! o
Draw your own nomber line to c‘yover the first ten counting pumbers, . .
) -
Mark ‘the following numbers on it as accurately as you can: ) “‘( L
2—: 9. 5: 8 6 l": 5 25, . 6. 375, h_-!.{" .- j b ) e i *’l ST
; E N - ‘ s ' ° ‘“i:'e.?":‘;‘ ,_“\
~ ¥ 2% 4;}; szs 6375, - 86 .95 ... . S

_|\2;' —4 5 6'7,!8'9ﬁ|0 .

P . i -
- ° v

i On another line, making each unit 10 cm in length mark the’

K o, l , .
- numb s: 1=, .l 26, 1= 1 13, 1 .
f ;—lo‘{ing er 3’ e 87 11? /'e.‘ - o

] ; 3
Ve nge thes numbers .in ascendingﬁo der of magnitude. . e
L5 A1 o8 - ¥ \ [ * L
“x A \ i . e ;
1 . i’ . _
| - .
‘ -+ : s
i~ y . i \
- .. 2
- ) o . N
ha s (e * N -
LN Ao v g Lt ' 4 1 . 4 ] t
R N -y ‘ . 2
’ -
1 - O 2
. a ; 1 -
U7 L . C o b
s k.«t ' + < PO ’ -
A - S . b - s,
¥ # W 5 A, . i y 3 .
= Y ok et T 5ot s [ SRR L N . PN PR .
m}éﬁ%ﬁﬁ@;ﬁ“ St S N - % . e S N




e . ! R - : oo
Rt : { - g I : el
: L \ R - ﬂ
- ., ¢ ‘ s [N 1 S i‘ % ’ oo S )
. ST I 21, N - } : o T
. et e - ’ . h ) N T
3¢ ~Illustrate 2 +3 = 5-on-a number i‘ine. - o > :
Y . 7 N . .
%, - ' B - ¥ PR
. P NCIEN i [
- l y S s
K NN - . + 3 - i
N L 2 C 3o .
0 > \ f - -
s X « 1 . 1 b '11 3 ! b
T, 0 | 2 !3' } 4. 5
- . L N -7

+ L. On.the nli{nbér line mark the points repr !’senting the following nu;n’oez;s:
~, o wn : - . .

GO N AR N S U
.;J’::'«" 2.’_ 257 2};‘_’4 55 ‘5’ 52 5 - . . . .
A oy T T N

i 3 s 7 s ui o1 )
. 2 2 2 % s 2 2 o,
. 11 1 i} + a1 1 2 1o L 1 i
. 0O 1«2 3 4 5 6 7 '8 910
; ” . , »

S 5 ‘(a) .0n the number lirlxe‘ mark the poinﬁs,;epresenting the following
"\ ’ 2-'3 Uk 5.6 & 7

- 1 .
) . . ﬂnumbers. -3-, K’. —5-, It .—?', B 15° - . P
A L S .
B B /4

: S L
‘ 1 . -2
> I - -
- 0 Fe, [
. PN
.
. ; ,

)

exact decima152 .

. 1; = .5, —;- = .6; -g.= 155

W..i.,_...—“ .,..x(,a)b.,‘ Y s _,,:J\ 1"' L li
C(e) L333-.. L2
U L 'y —

. Le) ﬂ’\ . ot .possi‘ le

e _ - N ,l - .

. _(d) A25 . ,fy. e iy B
K R 3 // ;. . . -

. (e) /5‘ C. P not possible

(£)" 8333 )
T

(s) 7’774 . 3
2

“\

n*‘




AT eV A

S

¥

- 4;.«.{_ 3.&1-1

3

possSible,

'\36.363636 ...
dod,

.363636 ...

(1)

.363636 ..:i-

., X
ord N
MJ Mo

~
g
ort
bR
3]
8 m
~3
@

on «to

LI -4
ssible

/S

t decimal wherever-

A
PR,

t
not possible-

not possible
not. possible

n
.A5°
npt po

Fot-Possible

as an exac
"L.4375,

125

R

ing

oW
Aodo dded ‘4

.-

™~
s

gach of the foll
i

2
7

N

-

g

N P

B -
'3

S -
ress

S (b;).

%

EIRER
> AT
Sz )

33

A
2
o g L
bl e e C NI Rl LN LRI .
e A S e S o e $E
WA ¥ 288 AR ST \w\;i_n ) 2 o A \ 3 AR e a Jf.Wtw./& e
2 ; e R 2 : e AR
v ‘@M,m@ 2 ey w.,,f., £ N : g vb«wﬁr. i 3 3 W Frbet NG
Y
ok

. 0

32 i "‘...v
wa Aw.\ R R VAL
SR ) N S 3 ! Rl
K WL 2 4

.r
w@& #ﬂw@.rwm&‘ .
AR R A : 3
S O »%a ] bl ; AT N OOy ) A RS
ﬁmﬁﬁmﬂ%% ?\wwmw RO R T G R A Y A L SRS NNV R




e s i
. .o
O

\

)

7 ., -

¢

. r. ]

) S b
I - FLIY . ix the followigg blanks:’ .

€ .

& . '“:(a")" 1 kilgmej_t‘,_e::_i‘:s = T 4 ‘:éete;-;,”— . ’ : { )
2{‘: L - ,(b»)_ _265 milliﬁ;{:ers = ’ R e kilozneter" ]
SET () 2178 centimeters =,y - millimetLrs.‘ ,3
: - (@) 635 centimeters = __ ., - kilometers. ;"

Write down tbé first’ five_ sudcéssive estimate inequalities,

form, to- the f‘ollowing length measures'

voga) 9k.A29THT3.. ° Sy (b) 41; o
% - ) '
- g.‘ T - - J Todem Lt
R e D =
Write othe inequality iumlied by the following ‘measure sbatemenf'
~ ‘ . K
R i “m is approximately 8. 6 . [ S )
Write these numbers in a ?orm that- does not con‘cain exponents. AR ; :
- b, - I _ “of - :
() 367l+5x1o v . L
), 32><1o3 w o -

5. Write the following numbers in scit;ntific notation" -

(@) 8,515,000 o o o el
(o) oooze N T -
() 3:47=_t e L E

PR B DV v 7137 S £ iy A S T v W1 ¢
Carry out the indicated multiglications agd write the answer 121;
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In this chapter, ‘three thanat.ical‘ concepts are developed: (1) the
defini};ion of a relation, , (2) .the definition of & i‘unction, énd (3) graph-
ing o} er.,pairs by a coordinate systen ina plane. in addition to these

R,

t. ) three concepts, it is hoped i:hat the student will gain a strong feeling for
the' meaning of the domain and range of relations and i‘unctions,. ) . ‘ p
) " his ma‘;erial is developed with the a:.d of two rather simple,experiments: )
- /(l) the cantilever of book,s , and (2) the graduating of an irregular bottles, .
- '.Ihe first experiment deals w{,th a function ﬁhese e and domein are. discrete. - '
The second experiment develops & function vhich is continuous. It is possible L
to consider fractions of glugs , and therefore, intermediat ints can be :
. f und. 'Both éxperiments shauld point out to the student § need to consider e “

SRS

A
[y

X
ph

e
|

;
,\5 b
I

Lok
>

e

»

or a relation. ,_,(,,,.a ST : j o T ‘ e

LA good‘ reference for, relations, functions s domain, range, and mappings .
. may be found in Principies of Mathanatics, Allendoerfer and Oakley, ,McGraw-Hill

'1963,,Chapter6. AR iy ?’.; % ‘ -',' :

eriments,in this chap_t Apcuracyinmeasuﬁng; In re&ding results
l}j 47 performing the e:@ezj;.gents will 1lead to more satisfying results

. B Lt e et Y A . 2%
¥ SRAN
oot Students should be cautioned to keep ‘Eheir data since it will be used ?

‘s‘. x

in subsequent sections <_and chapters. Since ‘the date is to be retained, i'b '_ .

wid be w 11 to put % such a fom that it Will ‘be inte]:l_igible at 8




‘: Oxs‘d 'gﬁ}?airs

Tée emphas:.s in this sectlon is on_ o ering pairs of things. The practioe

R -
4

1 "'{:' "'Mf'% . i o t : ;? ;s "“
"

r"eltiidwdevslome,nt of order:.ng numbers and things, as expressed in th1s chapter,

. should make it seen very natural to the student. The follow:\.ng- example is

" "very' close to graphlng , and ‘care m ugt be used not to develop this point too

far Graphs w:Lll be carefully deve ped Jin subsequent sections. * , "

The pOsition‘ of students %‘}1 the classrqom as expressed in row and Seat

“ numbers is & set of ordered pairs that can readily be used as .an example. 1
Row & seat & might be the seat that John beeupies, .Row 3 seat & the seat as-:
N signed to Jlm, and row 5 seat 2 is Tom! s seat. As ordered pairs these might,
‘be written as (2,5), (3,4) and (5,2). It must be noted that unless the impor-
u':tahce of order is stressed, the positions of John and Tom could be cbnfused.

) Order,' then, is a necessity if consistent.‘understanding and agreement is to be

)

reached. Note, too, that this set of brdered ‘pairs does not constitute a mean-

ingful relstion.’ . o, . v
- « & .- L
~ Supplenentary material may ¥ fownd in - . . )
4 - B . £l
.;"Mathematlcs for Junior High,Bchool", Volume-2,Part-l, SMSG; il

. "Bxploring Modern Mathematics™, Book 2, Keedy, Jamesdn and *
. Johnson, Halt, Rinehart. and Winston,1963;.
y\ -~

.

and many other I}ooks. o ) - -

. . [l
~ P -
o “

N . . : 4 - .

" .3.3 Relations . ¢ .

P - . . ’ . ' 4 72

™, P
e B4

wsda - -In the text, & relat-ien is -deﬂir{ed—‘as -4 se"f,""f “ordéred | palrs. Th:,s may
',sean strange. Iiowever, we not\e that a set'M of ordered pairs"defines a rela-- o
“on R in the follofring fashion. X, R Y, (X is related to Y), is:true’ if there .
is an element of M havimgp X as its first member and Y as its second member, . ‘
o-themse, X RY is. faksg. The set of flrst elenents of the ordered pairs in
Mls the domaz.n, and the set of .second ele'nents is the ug.~ The relation -
paa.rs elemex;ts of the don@irn wj,tvhhtho)se of the .range. _4"*‘7 R N -....m.....»

For example, if.R is the relation. "1ess than" (<) and X is th et _;‘ | Uy
oi‘ real numbers, then 2 g 3 is meaningful and  true. ° More generally; thz.s rela- -

-tion 1s the set of ordered palrs »contained in the coordlnate plane between the .
‘Jl'.ine x\ y and ‘the oosdtlve x=hxis, o T ) Lo
P ! ) . . . ‘ i , Lo :‘0 . .
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‘*i Exercise 2

R

Mgke

t‘he nymb er 5 days it contains. - - i

'€ ERe . . I . , L\ - .
/

a) ow many ordered pairs are 1n the set? .

.

| . o N ‘ )
s.e’c of ordered palrs by asslgnmg to e chm, h of a ,leap year

P
w;.:n o o o s Nt

h
by . « ,;

S T, S Remex y..,»w,rui.,«’;‘ >

' .

- * kd
B
i

?

(b) How many elements are in the domain of t%jze ,relatlon"
) (c) erte the set of elanents it the range of the relatjon.p

E DA 1 e

{Hint:’ In a set an element is, lz.sted oanLy once.}

’ (/Jamxary, 31 days) - (July, 31 days)
. - . " (February, 29 days) (August 31 days) v
S (March, 31 days) ) ‘ (September, 30-days) . - .
(
(

.

!

Y . b .
§d) How .meny elements are in the range of the relation? foet ‘
;

. (April, 30 days) . October, 31 days) .
(May, 31 days) , ° Novanber, 30 days) . o
(FAme, 30 days) ’ (December, 31 days) T . )
. (a) There are 12 ordered pairs in the set. )
! (v). There are 12 elements in the domaln of the relations: ' ;
" January, February, March, ete. '’
U (¢) Sm/f elements in the range: {29, 30, 31y ‘," <

(‘d) ‘I’here are 3 elements in the range of the relatlon.

Pe

. 2'." Suppose we had used the year following a leap year in Problem l. ’ Kk
5] \_ ’ Would you have answered Problems 1( a - d). any dlfferently? Why"
4 ' Yes. 1{c) would have been answered differently,- since the
- _ set of elanen‘t?.;n the range would be {28, 30, 31] ’ ' )
) Feb_;'uary has 28 days except | dur ing a leap, year. A . L

VR A 1 A

A3

*\.« J..,.-.‘__Z‘.__ ,.L..}—Nw)'
3; e domam*éf a certai/n ‘relation is« the set-&7,’ 10, 22, 1}y the vange is
) the set (B,.¢, A, D). * From this infoméib&%on form one relatlon&having ‘
’ . _ five ordered pa:Wnd one relag’:,on having sever ordered pairs.
,There are many relatloxbs that ean,be obtained from the in- o,
b e fo*matlon glven\in Problem. 3. These answers are two of the
many . - - ‘ ot .7 S B
(1,8), (1,0),° (1375), <22,A), 1 D)} ‘ A
TR (7,8, (10 B, (1), (10,8, (L8, (10,0), (o)) 7 FFTTT

. - ’
k, Use the J.ndex 1in the back of one of your texts to obtain ordered pairs. .

(a) Llst four ordered pairs Vhefe different elements of the domain

]

% Vo -

3
(b) Li.st four ordered pairs where different eIanents ‘of the range
. .81‘? assigned to the same element of the aoma}p. : .

o &
L2 FENN o o . . s v

. share the same element of the range.v« - ' Y e

-— PN

%61



i : . ~ : \ PR y
' N s . |
; P : Lol : )
} ! f

I

‘

1
- [ -

i
,
1

. [
i | 1! !
‘ \ =2 kT

# N

The SMSG text Mathematlcs i‘og Junior High School, Volume ?
. Part II, was “used to ,111ustra_te a- Dossible solution to this

>
i - .
e exercise. . < | : . :
!
t (a) (edditive inverse,,237); (multiplicative inverse, 237
. (repeating decimal, 2k7), (terminating. decimal, 247) ... )
(b) (exponent, 121), (exponent, 126), (exponent, 129), Lo
‘ (exponent, 149) - T ) \ o
{ 5. Given the following sets of ordered pairs: ! o
’ N . s d-
Lt (a) (1; '2}) ““) 2}) [5) 2}) [6) 3}) (7) 3} ’ ‘\’
3 (v) (o0, 0},°(2, 0}, 2, 0}, (3, 0} )
. determine the .domain end range, - .- .- ,
(a) ,Domain (1, 4, 5, 6, 7}. Renge (2, 3} L
!1 (v) Domain {0, 1, 2, 3}. ' Range (0} ' .
' ’ v
) ) .
3.4 An pxperiment (Cantilever experiment) v
The cantllever experiment requires the following materlals for each
group of stude!ntf'J . e
N . "5 identical books
[ ’ T ' ’ or 7 [}
) P £ T -
o ] . 5 tdentical boards ,
. ’ ) 1 fdot Tuler, with metric scale | . ' PN
: Coee i ems e ) T 4
ot "If books are used, tﬁey should have hard coyers. Paper covered or soft ’onks
' mll‘bend and, therefore, are not sultable for this experimeﬂ e .
- Although balancing the books is not too difficult, the student may exper-
) ience some trouble making an accurate measurement Of the overhang. It may be
much simpler for him to, measure to thF nearest centimeter. The ruler can be
- _\ placed with its end against the edge of. the ‘table under the/,bottom book. A
‘ second ruler, or plumb, can be hung close to the top book to give its projection
T on tHe measﬁrlpg TuléF. TThis s ilIust‘gated {0 Figire 2.“" E A
) ‘W “r . N :
FO o ] ~, . \-;: ; )
‘ ~ LS X -
< Py - .
»f M ‘ o Ve
. 5 . . 56 — N “ R
JERIC ¢ 62.2 T
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| o . '

. ' ~
/ .
: ) é plumb i A
B - ! .
~ . X L[4 \‘
“ ' Figure 2 -
e
4 * FEmphasize to the student°that the numbers used in the text are only ex-:

amples The numbers the student obta1ns§w1ll dlffer from the example given

“ for the data depends on Lmany factors.

Finally, it should be noted that the second numbers of the ordered pairs

are not obvious, and prejudging the results will usually lead to error. ,
. ° . o " f B -t .

. ¥ -
N

3.5 Grgbhing of Ordered Pairs .

- . . K

t el Before launchlng 1nto this sectlon, it wéuld. be well to detemmine student #

A understandlng of coordlnates and of the real nuhbers.

. *

Most students will already know that a coordinate is a p01nt on the num-

ber line assocmated w1th~a part;culaf value. He must.also recognize that the

* number must- tell both tﬁe d1stance and direction of the point from the O- point

A

’

if ;t is to nompletely fulflll the cohditidns necessary for a coordlnate.

. e

Id
Ff : The set of all numbers which are

sociabed with points on the number
Se

SEERE line may be called the set of real numbe Here the’ directlon from the

0 -peint dlfferentlates between the negatfve real numbers ard the positive

|

real numbers.
- {
»For further discussion of the topies, refer to

TN N eeenyt v om0,
»

. "Mathematics for the Elementary School"; Grade-6 Parts ‘1 and IT, sMsg;
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o . i mTUFirst Courge in Algebra , Parts T am IT, SHSC; ' :
' {”* ' "Mathematics -For Junior, ngh School s Volume 2,Part I, SMSG.
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; Exercise 2 o .
.. . A d
T Graph (by drawing arrows from one number line to another) each of the follow-
) , - ..

. ing sets of orgered pairs. : - . $ For

1. {(1,1), (2,3), (3,6), (4,10), (5,15)) "L ' v

(a) What are the elements of the domain?’

N (b) Wnat are the 'elements of the range? '

@ (¢) If a relation contained the above ordered pairs, and if the number 6
- .

were also an elementj the domain of this relation, what would you

™

guess for th4 corres onding element in the rangé if the same pattern

o

* were repeated? ' . :
. 1 , ‘ 11 ¢ s . .
. :. . 12:1 ' _12 (a) domein: (1,2,3,4,5) .

15 (b) range: (1,3,6,10,15]
(¢) 21 could ve-a good\ guess

‘- 131

since the grap’h shows that |
,the difference of the ele-

- ments in the rangg for
succeeding -o'rder\‘ pairs’ in-
cregses by ‘one a‘s the )
element in the’ddmain

increases by a value of

. one .
\‘A‘«:h%".\h yoa o arid - Al '-\1 b - v ! *
: ‘((1 1), (2,2), (3, 3, (4,5, (5,5)) . ’ o
“ (a) What are the elements of the domain? .
. “(b) vhat are the elements of the range?’ ! 7 .
c)Wé the ordered pair (6,6) also an element in the set defined by o7
: _ . this relation? Why? . Q 7
- o 104 10 e :
AP .9t i L .(a) domain: {1,2,3,4,5)
o o 8t O LB T rhmeér (n23k5) T
71 T 7" (c) No. The element 6 is not
. ) g [ L \: g ‘ conteined in either the set
. I _ - A,"__ 4 " of elements of the domein or !/
3 5 —> 1" 3 the set of elements of the
Ld g v .
2 >T1 2 range. )
N -~ 1 >T 1 M
- .- ., , TO
k3 i
A I
Q - . 58(5,” -
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3.0 ,3),.(2,2), 43,3), (4,2), (5,3), (5,2)) L
e - s -
. a) What are the elements of the domain? -

(b) What are the elements of the range?
(c). If a relatiwontained the above ordered pgirs and if °th‘e
L number 1% were also an element in the domain of this rela-
tion, what would you gless for the corresponding element in '
e the rangle if the same Det#:érn were continued?
" . (d)\ If the numler 8 weve an el ement in the domain of a relatlon
" similar to that descrlbeﬁ' in part (c¢), what would you guess
» “for the corresponding e1emen*‘ in the range if the seme pat-
, ern were’®ntinued?
N (e} State a rule for writing ordered pairs belongin_g to a rela-
~tion similar to parts (c) and {d) if the demain were the

counting numbers 1 through 100" . , »‘

domain: {1)2)3)'h)5)6]
range: (2,3}

2
-~

2

If the element olf the domain

is an even qumber, then the
element of tg range assigned

[

/ -
! to it is the number 2. If
- the element of the domain is
NG — ~ o+ + 0 ani odd number, then the =
S . . ) - - .elenent of:the range,’a.ssigned

. . to it is the number 3.
Lh {(3,1), (2,2), (Ls), (LB, (2,9), (3,6))

o (g) What “are the elements of the domain?
-+ (b) ¥nhat are the elements of the range? - ’
(c) Tf a rela’clon contalned the above ordered nalrs and 1f thef

- number ’& were, also 1n the domaln of this relatz.on, what '

would Jou guess for the corresponding element in the range

. .
if ’chcx same pattein weve continued? B
L] ' @:m -
I3 3 .
&, "'
] . ’
. o ,
4 .
'
. , et
Lo jr
Y. , ‘ @, cx g
. / v
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—~ 5} . - 4 5 {v) remge: {1,2,3,4,5,6)
Y N g " (¢) © or 7 i .
. - - " - ’1 -
° ’ /.. 3 ¢ : ..‘
NV g
\;* 1- “ - 1 . T
- 7 ; .'
o . tTo. I .
. I ¢ . .
) - . .

Each »of the following graphs, (5 - 10), defines a relation.

Lixt a set
of ordered pairé«' which defines the same relation.

List-the domain and »
the range for each relation.

S .
N N ! .
|
T -
- * ~ -
ﬂ" 4. H 4
2k
4 4

‘I’he ordered pairs ‘are: . The ordered pairs are: g
(30,85)m (40,90), (50, 105), (60 120), - T9,2), 12,2) (154,1) 43:8,1;), .
(70, 1h0) . L (21 %), au,g) S
doiatn: {30,40,50,60,70) - . . domein: (9,12,15,18,21,24).
' . range: (85,90,105,120,140) =~ range: (2,%,1,)3;,%%] 5 ’ .
.. n
- ’ ’ \ 3

Aruitoxt provided by Eic
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domain:
. ranige:

IThe ordered pairs are:

1(1 22), (1.1,'22), (1.2,2.4),
(1323L(1h26h(15g3)

(1.6,2,7), (1.7,2.5)
domadn:

1.7}
range:

. The ordered pairs are:

-,
.

{1,1.1,1.2,1.3,1.4,1.5,1- 3

4

f2.2,2. 3 2.h,2.5,2. 6 ,2.7)

BAL(31@,Wﬂ2L(h1&

(3,4}

..'1‘1[’,-1_.2,1.6,1.81

b

»

S

e

The orderéd pairs a;‘g:
(.50,1960), (.50,1961), (.51,1962)
(.52,1963), (.53,1964), (.5k,1965)

domain:
r.ange‘:

1965)

The ordered pairs are:

. (2,3),.(8,3), (6,7), (

(12,11)

(8,7), (10 11)

j

1964

{.50,.51,.52, .53, .54}
{1960,1961,1962,1963,196%,

fore

-

‘
-t
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‘ work. The 1dea of a i‘unctlon is s1mp}Le, and should be readily accepted by

» ' . .
. . -
. N < - [N - 5

. ‘ e |
3.6 Bgr_xcblox\k N ;. | L . ap R
. - ‘ : \ ! ! P ' } t . ‘ | .
This section treats one{ of the r”lost important and basic ideas in,math- }

ematics, -- the 1dea of a function. f’rev;Lous sectlons have laid the ground-

t.he student. ’I‘he concept of a i‘unct bn vill be used e.xtens;wely in the forth—

coming chapter. - N . ; - . i‘ “.

»

An extenslon of the deflnltlon *of function.\{s the idea of aSsociating’

elements From -one se’t with those of another sety

Given.a set of numbers and a r}xle which assigns ‘to each number .
of this set exactly one numbez;, the resulting association of -

nunbers is-called a function. ' The given et is called the

'domaln of deflnltlon of the function, and the set of asslgned . .

numbers 4s called the range of the function. . o
v .
The definition of function whlch we have given is, strictly speakmg,

a deflnltlon of‘ real fumrttion since we have restr1cted the tlomaint and range - -
to real numbers In lgfer courses, the student will meet nore generall types
>f functions in which the domain and range ean be sets other than- sets of

real numbers. Such a ;t‘unctlon mlght for example, have sets of points in

" the plane as its domain of definition. , o ﬁ?‘

In the discussion about functlons, it is 1mportant to“emphaslze at

.

every oppoztunlty the following po:Lnts

(1) % each number in the domain of definition, the ‘.t‘unctlon assigns pne
i

. and nly one number from the range. In othénr Words, we do not have

iy ultiple- valu.ed" functions. .However, the same number car be asslgned
&

@ '

to many dlffez ent elements of the domain. 4

{2} The essential idea of function is found in the actual assoc:Lat;Lon .
, from numbers in the’ doma,ln to nurbers in the range and not in "the

I “

particular way 1n which the assocn,atlon happens to be described.
atgmis

{3y 'alw e y's spetk” 6F the wssoctation s b'eing"fTOm the. aomain 6 the ™ 7y T 7

range. Tird 5 helps fix: the correct idea that we are deallng with

ran ordered pairing of numbers in ~wn1ch ﬁhe‘xmber from the domain M
B is mentioned firgt-and the asgignéd number from the.range is men- i~y '
4 o . W >I !

tioned second. . . oo el

(%) Nof ell functions can be repregented vy algebraic exprissions.’
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. Although the above pomts are_ not absolutely vital as far as elementary
WOI‘k w:u.th fu.nctions is concerned, they become of central 1mpor{tance later.
Also, many -’ of *bhe dlfflcultles which students/ have with the idea of ﬁmct:Lon

can be traced to confusion on these ma‘tters. TherefOre, it become$ important

\ to make cert{m ‘that the student under&tands these points from his very first .

Y

contact W:lth the function concept. s o : .o

“ . . . ~ 3

. ) o Exercise 3 <, - o

Deflne a “function whlch is suggested Dy -the phrases in Problems 1 - T
Be sure to specify the domam\pd the range of each function.

Tl ((2,2), (2,3), (3,4, (B,5), (5,6), ... " ,
{Hint: " The symbol, ..‘.,"\,;used in this Lxﬁanner, means ‘that the

. ordered paizzs %;t;ntinue indefinitely according to the
pattern suggested.)
- Id M v - .
Set of-allycounting number\s is the dom4in. oW

Set of all counting numbers except 1 is the range. -
2. ((1,1), (2,8), (3,9), (4,16), (5,25), ...} T

Set of all counting numbers is’ the domaln. .

¢, Set of all squares of the counting numbers jis the ra?ge.

3. " Election returns¢
. , . .

’ _ Set of all candidates is the domain.

. ) Set of all votes cast is the range. - i
' ) . AR -
o, Area of triangles . ' )
. - . | . .
Set of all.triangles is the domain.

.. Set of all areas 15 the range. - . * -

»

e Set of all first nemes i% the range. o0 . RESEAN
-

6. . With edch pOalthe ‘&nteger associate its remainder efter lelSlOl’l by 5.
- “
{Exempler 1 + 5 = 0 } remainder 1, hence, 1,1)}

'l

.
»

N

», ° -

5. _People’é _ﬁrst names ) P N \J .

) . Setrof gll people is th¥ domain. 4 2

~ o Set of all posglve‘lnteg,ers is the domain. . q
X ' range: .[i,2,3,1#,0} . . T oo
. . . * Y
4 . / T - .

Id
et e -

te | -« w“““g- "2@@&,
M . o
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Associate with each length of the d’iameter of & cﬁcle the length of -
the circumference bf .the corresponding “%ircle. ‘ . o ’
Py ° o M M ' “
. < Set of all posit:we numbers is Jhe domain! \ ‘T .
= N :'w . .
‘ Set of all positive numbers is the\z;ange ) . . .
The cost of mailing e letter is detemined from the weight of the . “‘
1etter)as follows: it is 5 per ounce plus 5;5 for any fraetion’of o
an ounce. . N 4 ! .
Does this describe a fungtion? Why? . PR f "
* Wnat is the domain? ’ . )
{Note that the Post Office will not 'accept a first class package ’ ,
which weighs ‘more than 20 pounds.} ) . . )
f‘ What is the range? ) . ’ T
.gg Complete the following ordéred pairs in’this relation‘ ' (domaff .
ol is given in ounces) | ey
& - . . v TR T
g:;' ~ 4 ('3'7) 4 )) (5) - )) (19'2; : )
. . A function 1s described because one and only on‘e element

of the range is assigned to each element’ of the domain.

"" ' The set of all pos1t1ve num'bersr less -than or equal to 20 .

e - -

is the domain. TR . .

PN -

The se’o‘! a1l positive multiples of 5 is the range.‘
7,20), (5,25), °. (19\2,100)

. Py -

More Graphing (The Irregular Bogtle Experiment) . V'

'l‘he irregular bottle experiment requires the following material ,for each
,,group of students. . e
. \ l'irregukn\shaped bottle ) . ’ ‘ -
. plastic pill bottle. ' .
1 ro_ll Megic mendifig tape . ¥ ] .
‘ PN 1 foot rl;ler with metric scale s
A ) ‘: 1 #10’ can or equivalemt— . i

«. The experiment to be performed in this section provides an opportu'nit;' —
for the student to' discover thit there are different kinds of data to be

) o‘btained from experiments. In the cantilever of books experiment, sets of

ordered pairs were obtained. The values were discrete. No part booksﬁ,\.:{ez/

: 'use'd, ‘norwcan be inferred from the’data obtained. ~Thid is not true of the :

)
‘ ‘:(r’* o

Sy 2

° ot RN N .
, T . - i Y \
el . . . * : - M ’
s . . . . ‘ - ¢ ~ et
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second experiment in this section.‘ Parts of "glugs" Qoukd either be used in

the® experlmer:"}or mfer*ed from the resmtlng aefa. To make th1s d,ifference .

Y " more meaning to the stude;xt, both experiments must be completed,

\,vv .

- At this po*nt t}\e student f:.rst encounters the 1dea of a contmuous
function. If students mtu:.t;vely dicovér .the 1dea of phys:.cal continulty
and des:.re to pursue thé matter, further discussion would not be nwpproprlate.
It would be necessary to have the student md other sets of ordered pairs

. and then group them as to continuous or dlscrete relations. The Wick Experi-
- ment, which is de;crf‘bed Ytelow, provides ~another example.of a continuous
f‘u.nction ) }Im.e\fer, physical contmulty. need nojc be discussed at{thls point.
v It may well be introduc®d at a later time: . - -

o
' 'I‘he equlunent “for this second experiment should de kept as simple as
possible. . Two oo‘gtles are needed. One shou..d be & salad dressing, vegetable
oil, coke, or other ir egularly shaped bottle The contour of this bottle
is very.s 1gnif1cant in that it determines tk\le xind of a curve to be graphed

. in & later secu.on of the text from the date obtained in this éxperiment. ,

The more comnlex bottle cdntour will nrovide the more interesting graph. -

.~

E - The secend'bottle, ‘a small bottle to ‘be used as the “"glug", -is often readily
_availdble in the studenu s home. Also, a smell plastic bottle w1th a..voInme ’
of about 22 ce cen often be (5‘bta1ned frem th]e- local druggist. Scotch fiagic
mend:.ng tape or 2 masking tape prow de good tepes to be used., Students

- should be cautioned to merk the tapes caref.ully_. . ; - ,
o -b' v
- The followlng experiment can be used’as an alternate. to the irregular 3

botile experiment in this sectlon, or as a sum)lementary experiment which .
. can bexdone by studenﬁs who have extra time, It 1$ also simple enough that
the students can do it at héiie. .The xesults are usually quite good and make

{7y, an excel’ent graph./ . ‘. i - -

1T i - A

-

Materials retma.red . .
f ] . paber+ towel . paper clip . * -
" ruler ', “clock or watch with
) cup, glass,“or Jjar a‘second hand ’
. . 4 rd
. Scotch  tape ¢
- . . rs e, ’
-*. Description of the experiment: ) ' -
.te‘.‘ - 13

-

- Prom e paper'towel cut out & strip one inch wide by about eight to ten
»
inches Iong. Draw a pencil line -across the strip two owsé/centimei;ers )

- .

\)4 - . [y ry.-
. : 6s { I
: ERIC - = g
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1 $Tfdém one end. Draw pencil lines one centimeter apart sta rtlng from this line.
f . P

+  Fpout ten lines will be suffi¢ient. These lines should ‘be numbered (also in

", pencil) with the first. chne starfing et zero. Some care 'is needed in drawing

<
 and writiog on the paper towel since it will tear quite easily

-

- \ (LY Y

Put some water im the ,}av'. Festen 2 pauer cln) to the lower end pﬁxﬁ’he

paper striu in the jar so that the zero" line is exactly even with the

surface of the water., Fastm 1t at’ thls helgh with the Scotch teape. On the

‘record sheet, Yzote down the tme this is done oppos:.te the number zero.- It is

., most convenient to do th.s exaectly at an even mnu;g to §implify later compu.-
\ .

.

tations.

~

Record the time 4the:t the water rises to each line. The*water level is
seen most easilj if the jar_is placed against a dark background with the light
The

usually dogs net rise exactly evenly and there

- gani‘ng,f_fqm‘pehind tr_xe vie;rer. time should be recorded to the nearest

quarter of % minfite. The water
is-.often sorile uncertainty ebout tXe exact timé when the water reaches a given
line. One way of judging thiseis to record the time of 'the qudrter minute

inm'{ediateiy pefore the .first detectable water appears above the line (for this

(PN
h

<. TZaéon, it would be best to place the rymoe*‘s below the lines) .

- The ’w‘lcking rate of paper towels vary, out the rol‘?’ ,byne, commonly used
in hpméf kitchens, is such that the water will rise abdtt nine centimeters”in
helf an hour. If this exuev'inent is done in class, it would be wise to try it
be-o”ehhno. to deterzm.ne how WOng the available paper towels would take. Seven
or e*gnu values wl}l suffice for this exoenment. If class périods are short,:
the paper sirips can be prepared beforehand so that the experiment proper can
start near the béginning of the period. ) B ..

After all the data has been re- . .
corded, another.column should be b ‘ ]
computed, showing the time from the ‘
start of the experiment required for
the watev‘ to rise to the given level. .

- A graph should then-be prepared from -
this data. ’ N
- IS 'I‘ N
. ’ y . ) “~ 1/' :
. . 'q"' N . R « "
. ‘ 66 1,2 .
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N "In the nextasectlon we w1ll’1ntroduce rectangular
This same dat& graphed onerectangular coordlnates

L4

Time after

;. start -

0:00
> . 0:h45

2:00

k:00

6:45 height
10:30 cm
515:00
20:15
26:30-

b

¢

~
>

]

25

time
in
minutes

14
0

coordinates for graph;f
looks like this.
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If you get student questions y you should know that this is & quadratic
. ’ curve. The student might find it interesting to graph the time required for

>

> L)
. the water to rise through each 1ndividual 1nterval. This gives a linear T,
- gsaph- . 2 N
v . - -~ . rl
* " 7.3.8 A coordinmte system in a plane
X o . ‘Ihe,.recta.ngular coordinate’ systan is :;ntroduced at this point singe
-7 graphs are used extens:Lvely 1n the next chapter to display relatioms., .

.

There are two ideas used in this section which may be unfamiliar o the
U student: These are perpendicular lines end negative numbers. ‘There should be

little trpuble for the student if pérpendicular lihes arevdefined as any two

i lines which form a right angle. - : . )
L . . Negative numbérs will teke a little more t:lanat’ion. Only a yer( short
explanation should be necessary, however, since It many operat:Lons involving !

- negabive numbers will be encountered. It is natural to use an ext,enslon of -
- the number line to provide gecmetric reality and an intuitive feel for nega-
- 'r i tive numbers The idea of dista.nce (or ofs po:Lnts) along a l:me on opposite

" sides of a fixed point occurs frequently and ¢an be used to f'ix these idesas.

) This has already been discussed in Sect:Lon 4.5 in relation to coordinates and -
- resl numbers, A number line representing temperature provides an excellent R
example. Altitudes above a.nibelow sea level, location south and north of a’ "
given point are other possible examples. The order of rational numbers on the - ,

) number line should be introduced. It 1s valuable to develop a natural accept-

e . ance of the fact that "is less than" means the same as "precedes on the’ number

- ) line". To say that one number "is greater than" another meang simply that the’

/ .
’

" follows" the other on the number line.

-

L You will notice that in the di,scussion 'of the coordinate system in a

“ay

: o plane care was taken not to overemphasize the x-aXis or the y-axis. It was /
S desired to give the student the feeling that the label attached to the hori-
zontal axis and to the vertical axis would be dependent upon the sets which

"represent the domedin and the range of the relation being graphed. '

e . | The fact that “the horizontal #xis is ﬁéed'to represent the *domain is
xﬁerely a convention and chould be recognized as such In scme cases it may
- even be desirable to interchange the axis of the domain’ with the éxis of the
. 'range. For example, if air _temperature is to be plotted as a ﬁmction of
height, a strongex: feeling :for the physical situation may be gained by

7
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plotting height § ng the vertical s instead of“the horizontal axis. "
F . 3% ‘;s« H o oA&)
i -

ﬁt would bé most desirable to Iceep the vocabtﬂ.ary ag simple as possible
Such words as abscis@a, ordindte andz;variable haw%e‘.%not bgm used for this .
reason. Also, the word variable introduces a gene:cally obscure feeling for.
its deﬁnit:hon. Bertra.nd Russell, who probably ingestigated the, aspects of ,‘
- '.‘. varzeblas mgre thorqughly than anyone before him, said: "Variable is perhaps e
‘ the most distinctly mathematical of all notions, 1t is ce.rtalnly also one of m’ .
the most difficult to understand e el and :m the present work [’Ihe Principles :
Of Mathematics, 1903} a satisfactory theory as to its nafure, in spite of
much-discussion, will hardly be found." - . i

, ®

T A -
iv \ . .

A

.o

i

PR TPy

'
U
e,

;5"*”’-’*" . In classrooms where coordinate boards are not available, it is possi

ble
" to ma.ke a semi-pennanent coordinate board. Soak hard v}hlte chalk in a solu-
tion of sugar water for about 20 minutes. Using the wet chal.k, careﬁxlly dray

N

“a?;.‘b'
;{%’ ‘*"-%TW\'(W{:@:} B
N \\W

X
s
ey

“the axes and- as many other 11nes as are deemed necessary. Wet the chalk often

A

AENA !
as the lines are being dre'wn When dry thls should p:covide lines that will. ... j‘z?%
not easily ‘erase. When des1red, they ?zan be removed w:lth a damp rag. . .

o ; T L
’ S ™ 7 Ordered pairs can be plotted on this board with regular chalk. Lines 2“ w%“
and points can be drawn 'on this board and erased from it ?Jithout disturbing ‘ -4

, the original 11nes w . " - . ) o
. Lt o >,

s Exercise U / ’ « )
M ‘ e . - , , S o
" 3. '0n squared grapzjapér draw a pair of axes apd label them.’ Indicate_‘ e Q

N the coordinate tem on- each axis. ) ", N "4
;w . (a) Sketch {with a straight edge) a line which z‘ep:gesenﬁthe B . - " O
s set of points whose horizontal coordinate is 5. . . ¢ .- - '_1;.,",__
) i (v) oOn the same icoordinate plane sketch a line which represents R b ’_;q’

7 the sef, of points whose vertical coordfnate is 5. ‘ o
i (c), How many points do these ‘two sets have in common? . .

("l (d) Writé as an ordered pair the coordinates of every point of . '
§, ) i ‘int section of ‘the séts graphed®™in (a) and (v). ) .o . .




LS

52

) : )
o A
,ovmy Lo v 4§ N
. i
\ - - ;
. Uk £ : ‘
H s 5l i
- - [3
i ' 4 “ '
. . .
. N .
i ry
- - .
N . .
» i~ El
. L4
7 - x
. ob - S
I . 1 . g
L]

ot
%

o
>

T ' . 2. Re;peat Problen l for the set of points whosechorizontal coordinate is 3

', and the set of points whose@ertlcal coordinate is 8 e

:".\ i To , . N v . ‘
- . ) A4 oy ' -
’ ( -t - '(3,8) é '3}: . 3 ! .
v . K’ - . ; v s
4 : i e ‘ié‘ ; P . f,
< - 3 Fr-y N , ¢
- [y bl .
- t - N .
e ; ) i i, . | (e} The tvo
coe - . ’ LT : sets
: . -t — . - — ., ‘have;
_ . ( . \ / ! . h one
v . 1 ) . . point
, ) - : = . . _ i \
’ ‘ N ) 1 . 2 . common «,
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fe ol L e 1 - ' - <.
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(b) Do all the points in this set seem to lie on tt;e ‘sdne Line? Yes:
. ( c) What do you notice about the vertical cpordinate for each of the
pomts? The vertical coordinate for each point is 0. ' .

6. . (a) Plot the points in the following set: ’ :
,” {(0,‘0), (0, l)) (0 l)) (0 "2)) (o 2)) (0 3)) (0 3)} - :

-A . 4 .%
_ 3 > :
. 5 1 :
. - >r -
4 R ”"’*&@(
o | ot g
Lo :
. > v F= - .
. &
. . - -
Y . ]
: , a4 .. . . . .
N (b) Do all the points named in this set seem to be on the same line? - i
T Yes. PR o
! (¢) What"do you notice sbout the hori zontal coordlnate ‘for each of ’
i v the po:r.nts? " Each point has the horizontal coordinate 0.
AT -
ST, (a) Plot the points in'the following set: - v

"{(0,8), (1 6), (2,4), (3, 2), (h 0

v R

Yes. . . o

- 3 '
. . .
v
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. aRepeat, Problem 1 for the set of points whose horizontel coordingte ig’
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Is the point of intersection of the two se:ésé:ui‘!i Pmb“i;én
ts in Prob}

Bt

No. - The domain in Brercise 2 is 3, vhile the dgmain

point as the point of intersection of tﬁgﬁﬁ jsé

Ea

- in Exerc:isé 3""”13 8 The range in E;'Egri&i_qe 2 is 8,
‘while the rangé in Exercise 3.4s 3. ¢ - <,
’ o Jew :“i’-

(#). Plot on o coordinate plane the following set of.pof
o (6,0), (-1,0), (1,0), (-2,0),..(2,0), (350),
= ST 2 I R
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= =
117 10HH - W !ﬁ,! 0 1504, -
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1
- H . .
A(3,10) B(11;4) c(2,3) D(-8,8) E(-5,5) K(5,-3) G(2,-5). o .‘
- H(-10,-10) 1(16,-4) J(-17,-3) K(0,-12) L(-18,0) ) Sy
. f ¢ - . ' . , .
~ - - - .-"’ - -
3.9 Quadrants , [ o
It is specified in the text that points ‘with one or both elements zero
lie ’gn_ the axes. Points on either the x-axis o;?;he y-axis do not lie in a '
definite quadrant. Therefore ;"the quadrants do 10t "contain the axes or the o~
origin: . ) : ’ _

K . Exercise 5 , . .- . g
1. -Given the following orderedll;aiprs of numbers, write the number of the ‘
" quadrant or the position on an ax:Ls in which you find the point repre-.

; sented by each of these ordered pairs: | ) .
2 '} ' - .
(a) (3,5 1. (g) (-3,-1) 1II m) (2,-4) v
(b) (-5,1) II (h)_ (7:‘1) v (n) (5:2) I Ce
tey (1,-3) 1v (1) (8,6) I (o) (-3,0) negative -
horizontal axis 14
. (d) (-b,4) 1. (3), 3,2) IV _ ( . - or o
(&) (0,00 origin (k) (-3,-5) 1mT - (B) (kD) -* g
. NN . . N ('q) (_1’2) I : ¢ o4
(£). (0,5) positive (1) (-1,3) II ) . Lo
vertical axis - . (r) (3,-1) 1v T
- '3;;‘/;@’ . " R * ;; N .\f“— i iﬂyﬁ
, " R .- ~
. St s, . i 1,‘! Sl et . T g N \
gL @.};«@Q@ g L, o5 ; {
“, 'ﬂ; o N { o
R 4 ) O
‘v’” M l ‘ ' v ' & 7 s
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3 10 Graphlng an Ebgperiment. o e

. There are a number of 1tens that should be emphas:.zed in the graphing
of, these experimental points. Smce the data contains no “negat:.ve unbers,
1t is necessary to d1splay only .the first quadrant. Students shoull decldé
on & scale which will graph the ordered pairs over most o.’Ld the pagel Further,
it would be most convenient if everyone uses this same scale. The large scale
is especially 1mportant when 1t'gs necessary to draw the "best straight llne N

or, later, when it is necessary to draw the "best curve' If a smal scale is

area-if is dl“flcult to drdw a "best" straight line. i

L

chosen, the points énll be conf1ned to a small area of the page. In \a small

. If the experiment has been performed carefully and scmewhat accurate
data bbtained, it is not difficult to  fit a good line (or curve) to the data.
If some points are obviously out of place, perhaps due to incorrectly reading
a scale‘ the student should be adv1sed to ignore this point in f1tt1ng the

curve. | T

i . The data from the two e)'cperiments with which we have been concerned in
thls chapter express relations which dlffer from one another in f‘undamentals .
In the cantilever of books it mekes no phys1cal sense tq( cut the books into
part oooks. There are do values of the doma1n betweeh the integers and hence
the f1ve ordered pairs are a compl'éfte’-s_et. In addition, it makeg no phys:.cal

sense to extend the domain to larger values, for there is a maximum. Nor is

’ theres any meaning tc negative values in this data. Thé student must recognize

that connw points or extendlng the graph is not meaningful.,

\

On the -other hand, in the irregular bottle experlment it is meaningful
to talk of parts of glugs or more glugs. If the volume of the bottle is ¢
greater, more glu_gs can be added. There is, however, a max1mum. As in the
cantilever of booklexperim,ent' , negative glugs have no meaning, and’ there

can be no extensiord<to other quadrants. ” . !

4 .

Although we examined thé domain and range of the relation on physical
grounds, it is necesrsary to be aware of them in nonphys:.cal cases. The
student must be made to realize that the relatlon or function carries with it

a.'statement of the domain and range over whlch the relation is valld.

. . , )

\ ] . L

7 . 4 - , ’
: Exercise 6 - .

-~ ~ —r

1. "In an experlment a solid materlal was heated over a 'burner, and_ the /
t'emperatur"e was recorded as a function of the time it took the material
40 reach a def1n1te temperatune. Let the domain be the get of all times

. L, . . . , ’
- . 7), 8 0 ’ . F)
, ! N /: ~ ' ~ e R

P
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. . ¢ f - %
fm‘m the beginning of t}?é experment ;to minuﬁes Jater and the range ° DA
be the set of all tempenatures ‘ﬁi‘om QO ¢ to. EOOPC. o : . .
(a) Drav a horizofital &nd vertical axls and pl@ce? the approprlate labels

for the doma:.n andjran oh these axes. ' °

(b) Mark the dcma;m on%’the homzo 7al axis with & heayy dark line as in
Figure 21., - f R -

(c) Mark-the rang)e on the vertical axis.

(d) Plot the followmg ordered paizg which th,e sclentlst" collected
mwmmmmmmm(wmgmbh@(@%w&b -
Y10,82), (12483}, (14,120), (16,160), (18,200). '

 {e) Connect these points with a "smooth" curve. .

3

(f) What temnerature would you predlct‘ for the material @‘&o‘éheéollomng ‘
= times: 1 minute, 5 mi nutes, 9 mlnutes, 17 minutes? o °
(g) At what time would you predict the materiél would have the followmg
temperatures 70%¢, .100%, 150°, . 180F’c9
¢ ' - .

. e & ° 4 -

#_l L R T I O B N .

200 1(8)y (Bln(c), (4), and (ef | . i ”

- T .

—n

l&) : 2 “e .

160 - : o T

120 » ;_

100 | : . ..

el
’

temperature (°¢)
%

.
~

AR

0123h5678910 ) ' .
., , Y time (min.) - #

(£) 30°C at 1 minute, 70°¢ at 5 minutes, 81.5°C at 9 minutes, 32 C at °

7'+ 11 minutes %""w-.,__. P
l«““"«« .
(g) 50° C at 3 minutes, 100°C at "I‘B"mrl-m,{.’g;es, 150°C at 15-' mlnutesJ 180°¢ ; ‘n
» .‘ﬂ‘"‘"««._ - ;- -
at 1 itiut , . - - i .
- 7 m u eS,g; \*“*«u . F3
' I e— T :

: o v ‘\\‘
o . o . K 8 1/ Lo . -
i . Voo
o . - . v W e Ld -~
< ' N .-
, .

e,
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\ %‘ ’ The f 1low1ng graph was dra;m frem ingormatlgn é&thered’ n an’ ekperi?nenﬁ: X
’ . dealmg with a ball thrownto the air. ' The height b;ﬂthq ball above' ’ .
. . the ground waa plotteg as '8 funetion of the time 1‘3; t?*bk the ball to e
= g.’i,,ﬁ " reach a definike height. Ao 0”&‘}% Lo ;s .
b f (2) What is the domain,of%t(his ) ‘ 25(5/ ,/ 1’%
. . Lo . p .
: . function? = L - ?/wo e
;- R Set’of times in'seceriys N 90 T : - 3

*lb) What is the range of tmis 7

,; " ‘ ’ /;" Vs 4 50. " p
e - function? 5.0 *
F : ’ . ’
i
- N -
" L]
NP1 o i L
’ ,’// .]
ar ’ 'y . . .
A L height ‘of 128 ft? e “ o,
: : gnt of 126 i1 ) . Vb
. : 3
SR P . 4 seconds ; ) ' L
©LoT (£) Can anything meaningful be said concernlng the, height of thé
Lo e - ball after 10 seconds? Bxplain. | T
R he T~ _ No,.since the ball fell to earth at 6 seconds. ' . .
K » . . R , - ;“ - z' . . P . . .\"
;. " Sample Test Items -
W.'," . 1. The following is a list d’f certain United Stateg) Presidents and their

-
ageg a‘j the tlme of inaugura%¥ion. Fro;fz this list make a set of ordered .

pairs. . - - . , q{‘,,
. v . ~,
George Washington.57 years) John Adems 61 years; Thomes Jeffersom 57~

' ‘gyears, William Taft 51 years, ‘Woodrow Wilson 56 years; Franklin v e

U - Roosevelt 51 years; Harry Truman 60 years. - s
. h 3 . °
- (a) Ordered Pairs : . - . i
« (b) How meny ordered palrs are in the set? - L \ d

Y (c) - How many elements are in the domain? o,
:n?;f? . ."'. , . “!?ﬁ,;i . , ‘e ) . gs;i%
;'“5 . ) . N . L R
: . ) . .
‘(F[: \[}C‘ . , . A76 ‘ .. . ’(g"'
JERIC- . - o , :
< , p ‘ N . y
Ll I Y ] . & .




'«:f‘ L, “_a * _
(d) How many elements are in the range? _* .
L . .
] . (e) Wnat is the™hame given 4o a set of ordered pairs? ’ * . .
) 2. Find the missing element§ in the domain and range in the following set,
of ordered pairs: Co. " : . / )

- N
s o r -

(3,0, (9,3), (2,0, 8 (), (i, G,

f: 3. For the follow ng graphs, write the set of ordered: palrs which d@efine td

the relation ) IR, o .
- ¥ i < 4 v S N v
) (a) : A (v)
L . ’ 13 "
° 3 WJ{.,‘,MV‘ LY
ﬂ . . ,
.\ ke I/
—_—
- ; . T N
- - Paud A3
i L.  VWhich of the follomng sets of ordered palrs are, functions? - S
“ . < ®»
(8) {(2 3)'; (5;6); 0, l); (3 h’); U‘ 5); 6 7)} - _q "\ T
L. () (3,2), (2,2), (9,8, (785), (4,97, (5 5;2)8, :
(e) {(2 1) 3 h) “ 5;1); (2;,‘*): 5:2»)7v 1*:}4)}' ' \ P
Co(@) ((295,2), (1.5,3), (1.5,2), (5.5,3); (3.5,2)} .
. . " . M s~
5. .~ Which' of. the' following graphs represent & function? . i
Do(ay ' ‘ (). Lo (o)
Ve L .

L. / . .
oy’ \a‘skﬁ“ (\ A SRR aiﬁ%“"w“‘p\b \‘\ \¢\$‘ \
\5, .

T N 83*
Wt ] kD

- i ”"ﬁ .- + 2 3

13
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6. Plot.the following sets of ordered. pairs on the coordinate plane. .‘ .
fe) (@5 () (6,0 L
()T (3,-1) T IPEEE € B € ) S PR
’ a(c)’”(-m) T (@) (0,3) ‘ . Y
@ (3.8 % ) (2,-6) Co
) 7."‘ Neme the quadrant or the positior 01;1‘ an axis in which is found the “
. « point represented by eagh of the folléwing Srdered paizls':‘ S -
G CH D R (@ (-3,-8) (8) (5,23
(b)  (-,-2) () (+6,5) . C ), (5,0) c

() @8 S (® (43 (1) (0,3 . -

-

- B Write the coordinsgtes of each point in the following graph as an o;‘d:ered -

. pair.’ o g ) : .
" A D. - . G. oo '
¢ N - [} *
E.. . H. ‘ ’
F. . ' , .
10 15 - : 20 - 25
A : 1 .
“ic e =
[3 ), -
] I ] PR RN
e T 115 S = i .
IndEN ) B I
3 - &4 ﬂ*‘ . w4 g
‘ 2 - . 2, *
e 1 - i- 1 ° ) N ):’
] 4 . i
A O 11213 1HF ’B T L
Il 4. f S : o
‘-r - A "
Y -
N . A . EL "
| a . B :
. < «° - 3 T » -
~ hd .
. ‘e o] « R -
- 3 peiny .
1 . j? ” " B M o 1 o
3 Bl 7 |- - T
- —P— e
. 3t « * o
> 1
A
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\. .. 9. As part of a‘weather unit in science a student Kept a record of noonday

CARE
.

3 .é' .tenpera.tures for the first t days in December. . The record follows. ‘
; Draw a horizontal and’a vert.:L_cal axis and place the appropriate labels ' -
o for the domaln and range on these axes. Then plot” the information re-
i‘;*v‘_ g corded by the student as ordered pa1rs. : U ’ =
7 | December 1 {23 {viste6l1i8)9f ] T
i+ | remperature | 38%F | 45°| 48° ['32° [ 30° | ne°| 55° | 36° | b5° | wo® Tt -
s, - ~ = — e
- lOw_ Several identical experimental rockets were fired toward outer %ﬁace:
. The helgh-t atta:\.ned by each rocket before all fuel was burned was ne- ’
L corded ds a fundtion of the weight of  the fuel carried. Let the domain
B be the set of all weights of the fuel carried. Let the range be the
. - heightﬁ attained. The fol_low:mg is the data wh:.ch the scientlsts\ col-
i> 0 = lected. - . . C e . i
S0 L , weight in pounds height in miles " " K ) '
: : S T 16,000 20 ' . o
ST T T 12,000, 26 ,
3 '. . . -7 e . | 1h,ooo . . . *a N 3& R . o
s 16,000 . -k AR
' ’ h ' 18,000 ° $56 . o, T e

(a) Draw a horizont% end.a vertical axis and place the appropriate

.
3

. labels for the domein and range on these axes. .
(b) Plot .the ordered pairs which the scigntists collected when doing -

*

;;."’1 o - the experlment. . . . . A
(c) Comnect these points with a lsmooth" curve. ’ N
) . (d) What height’ vquld you predict for another rocket carrying 15,000 *
T poluddse of 'fuel? . . . . o )
o . o . ~ . . . . ~
e - ' Answers to Sample Test Items | - _ R
W A . * f : B
2o ke (8l (George, Washipgtor, 57) (o) 7 '
Vs H " (John Adems, 61) (¢) 7 3
p “(Thombs Jefferson, 57) (a) 5 ) '\ .. - j )
: ( . (Williem Taft, 51) (e) relation, function " }

= e, L {Woodrow Wilson, 56) = = T PR
;fc (Franklin Roosevelt, 51) ) ‘ ) )
br (Harry Truén, 60) B e L
; 3 S .. .-

' C { , [t ¢

. - R . .,

“";\f‘,. g . .I 4. ’ N O ‘ ' ~ f
{:«7; I “ i e e e ‘s N
ﬁn&i}% Praav o by Ll T v N ;o




s 7',?1' T

2.7 ((3,0), (9,3), (12,4), (18,6), (2,3); 1,3), )) ’
" ,First elément is three times the second elenent. ) ¢

- 3. (a) {(0, 1.1), (o, 1.4), 21.6) {3,1.9), (5,2)}

I (L3, (13.23), <2,-2), 3,%)) '
. “ b .9., b, d are fynctions. . i
5, a@andc represent functions. ® *
- _ .
6. 10 I
k) .\bﬁ” - 4 c‘ - ﬂ‘ ‘ ‘ ¢
1 ] . ¢
- . 4 - "
B ) L (3! 18 { (h) . ,
s - t ol

» = _ ? ':
- "
- Tk ‘ — - 3
. T, ! ! =
. BN N N .
: I~ n = ,
L e - N
” - d *
‘ ' T. . (a) first quadrent . - . .
£% %7 .7 (b) “third quadrent . B .
; - (c) fourth guadrent . . gy y ’ j
i, . (a) third quedrent - . ’é / , ,
o0 (e) - second quadrant ' .
{} S '(;i"')""sec‘oncl quadrent - - /. - " »-) . v -
’/b o ' (g) first quedrent . f" - .- ](é . '
: ;o . An) n,egatlve x axis . o - R ! Y . «
.o (1) p051tive j caxis | - - o ’

A ]
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: ) , /7 " Chapter 4 P - s
4 ) THE,LINEAR FUNCTION

’

In this chapteWhe maJor mathematical concepts which are presented

are as follows: | . - X -
' {1)" Graphing linear functidns o !
. .- «(2) "Represe'nting linear f,u,nctio.ns as English sentences' o )
-~ . : (3)_ Expressing linear functions as eguations of the' forn ¢ :
: y = mx ] ) . o
. . - (4) slope of a ar function ) T
. . ’ {(5) Linear funct&& which d6 not‘containvt'he ordered }'s(ir'io:,o), ;
and expressing these functions as equations of the form K
. i ) yl =mx +b .- | - ,
% ¥ . . : .

h 1 Gréphing Iinear Functlons rIhrough the Origin . : '
3 i . f‘
’ Stu&-:nts are led by examples like those cited in the first paragraphs

of Section A1 to realize the ex1stence of simple direc‘c proportious. The
studént then performs the chalk-pencil experiment. The purpose of thls '
experiment is to f:.nd out what the grag‘m of a direct proportion looks like.
» He discovers it is a straight line which approaches the origin. The fact '
that it doesn t actually contain the orlgln may not be immedigtely, o‘gvious'
to the student. The length of the chalk expressed ‘in miles is approxin\ately
. 1& 73X 10 -3 miles while “the length of the pencil expressed *in miles is ) ]
' approximately 10.9 X 10 -2 miles. In scientific notation this would read ' é
.09 x 10° h ‘I’his gives an ordered pair which i’or all practical pumoses )
) s"(O 0). Expressing these same. measure,s in, units such as light-years would
j . yieid a new ordered pa1r which onld still ot be (0 0) but. é%g‘h element ‘
of

) ordered paiT was5 when the unit. of measure as the mile. In a case such &s-

his ordered pair would be muc cl‘oser zero than the element of the

< .th.’@,»note that the graph of the function does not cont?in the origi’n but n
- . ) ]L >
I \ ! ‘ - ’

;
"" wo}k in groups each one ghould make his own data table and graph.)
g Ly

L -~

! oowf
‘ Y 1 .
(a) Each student does thi,s exper:’.ment individually. (Whenever students " (\
P
r

- , .
. <
) ¢ ) 8 9
P . - . .
o . 2 ” v ,
. N . .
» ; . .
5
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- paper that ‘has egug spaces on 1t w1ll serve -

(b) Equipment needed: ) .
1 unused stick of chalk approximately 3" in length.
l Warpened peneil'appro.ximately ™ .i.n length. .
10 or more items witdh equally-spaced marks on-them. A few not listed
v "in Table 1 of the text are: screen wire, locket chain, grocery l
e . ‘ store receipt. (These can be passed around, ' as ‘each student does not

need ten of his own. ) . — . - . -

{c) Remarks about- the experment'

.

. ¢ Student should be instructed, on the day preceding the experiment, \

- to look around his home for measur:.ng scales Any object or piece of -

To do the exp‘er:.ment the studont measures the length .of the cnalk
and pencil with each scale. Here, for example, ‘1s an 1llustration of s

how the chalk could be measured with 'a sheet of lined notebook paper.
- p .

- x
. - s s

‘. \J,

-

. - Figure 1L ’ 3 .
The studert lays the ¥halk on the paper _so that one end of the/c‘xalk
is on a lme. _ He coun s tite number of spaces completely spanned

<, In tkis case it is 9 He then estlmates[ to the nearest tenth, the .
fraction of the final space covered. It is ]'_70 in this example. The
measure of the length Of the chalk is 91—% spaces. The étudent then -

) measures the pe?c:.l’ ﬁ:ength w1th the same sheet of lined paper.

3

Suppose the length of jthe perrc:.l is 22—6 spaces. e ordgred pair
L <

a( 30, ‘223') is recorded ~in the row labeled "notebpok paper" -in” -
Table 1. . S 0 : ". '

- - I3 . ~ b B -
. % " , - . -
- R . s -

s / - . -~

, : T [0

; g Q . ~ | .

oo el . A : T "

A . g e T A SR
- b . I'4 1} " “ - Vet R
et o et v e O - A [ e
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A T ' N ' .
o 1 . .7 »
o e LR R .
v T e b
. . - . . .
C el . . . 3 >
-
.

‘' ‘ - L)
" Measurlng device ; L_,ength measure - Length measure ’
et S of the chalk’ of the pencil N
e ~ -
L L Ruler (inches) - . 3 T
S Ruler (centimetérs) . 7.6 . 17.8.
«;3 Ruler (feet)> - ! i -
‘ Ruler (meters) : v -,
‘ ' { : 3 . '
‘. s Notebook, paper i . q9 ) K| 22 5 .
L , . Ordinery gfaph . % [ . : L,
* ) paper = | : B ) . ’
3 e ¢ . N . : . -
- L e ..d Thermometex , : -~ ] 3 @ \ .
Crossword Ruzzle’ \ . [ ) & "
o . Graduated cylinder ‘ 5 T ' - i Py
t ¥ \Irifﬁes on a printéd . - - . .
. - e - ; :
) R pag e X £ - : - e & - 53
/m Bead chain (bath-tub . ‘ T
o - stopper) ¢ 2 Y i -
o - . a Y%
- * : ® . &
. Table 1 «(Text} . . _ . @ @
. . . & O T
*, TR . ~ o,
. g S . ' - ’ 3
L Hote the ratio - - [TE. 4 .
- T ] 4 ° e Y L 3\}
: L pencil Tength _ 22.38 203, % . L/ e
R L chalk le® gth 79 "~ & . -
. Scales with small subdlvisn.ons, llke 8 thermometer, w1ll glve large L |
‘ measures, Scales wit relatlvely large subdivisions like a ru'.‘fe\r cal-
- ibrated in inches, #ill give small meafsures Frery measuri‘ng scale
LT, will yield an ordered palr of chalk- pen@‘l]. length heasures whose ratio
* i I
; . is approximately 2.3 . Hence, the graph off thls functlon 1s awset of “t;*’ .
B ) points that form a straight line which includes “the origm and w‘nose ’
: slope is 2.3 . — .o A 7 : e

/ ) ' v Lo
To help comrince the student that the llne approaches (O 0), have M‘*

him measure tne lengths 1{1 meters. Th . numbers it the paip will be
very small, approx jmately (.08,4.18). [This point will be almost {indis-

tinguishable from -zero an the student' graph. : , oy ) .
® »n ’ -

. The main g;rpo e oi‘ th)js experimént 1s to reveal to the student hat th‘is
kiﬁd of relation{uas a stra1ght llne graph that approaches the origin. No ' ' g
further mathematical analysis is done on the graph sowever, the student . T

‘ shGuId save his data t&ble and graph because they vp.ll be :c,eferred to, in

future wo&'k. o T . . . x

v

¥ b} - Hl . |
| 3 o . /

"t \.’.4 ! . .
91 = /x '




R

" ‘e 'I’ne continuity of th%chalk pencil function is questioned. It is fonnd '
. to be continuous over the domain of all positive real numbers The graph is - “
e half line in the first .quadradt.’ From the examplé given in this commentary,
“ the slope of this half line is 2.3 . The origin is the point from which ;his

if . < "half Jine s‘tarts but is not {ctuam a point of the half line. N
N P £ L . 5 ’
:. : T f L . - - .

.
hY
—

s

- - X » ]
: g ' .
T v o r L
2l 8 VAR = *

' 7
. Tel | /
’ (9 of
. -ty .
. [ >
/ .

e ' - - Chalk Lengtﬁk : ‘ ’ ©
wae o ' . . . -
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To emphasize the concepf of conta.nuity, “an example (2 x l;'s) of a dis-

. - continuous function is g:gen \ fn this. case the domain is a subset of "thé
positive integers. Although the points of the discrete function described

here are colinear, we will not clgssify this as a linear function. We will
.:ceserve this title for'functions which are 'continuous over@me interval of

N the real numbers and which are satisfied by’ the relation y = mx +b . "The

.student also looks for other functions whose.graphs are straight lines which ,-'
S ;approach the origin: . ;@' - .- - < -
. | .
e . Inch and foot measures of velrious lengths

9_2.' Minute and second meagures oi" varioys time intervals. ) .-

A o e R
s N ' - .




. K

Exercige 1.
===t =

. . . R
NN .
, . .
A=k el R 1 .
2F 1y ) ’ .
y " 3
) " .
L1 4 >
- [ XS
'\/r R T2V 4% . 1.
2 3 F
] - Prad g"'" -
t
D ER AR o '
v s o
- ¥ i . -l ,.' " .
S . / ] B . .
- .. .
-

Which of these graphs represents g linear -relation?
ei. i -

o '(a) Lihear Function " (b) Dlscrete Function (c) }ﬁscrefe Functiom .
N . J ) i
‘2. ,.(a) "’ Supply the rumbe;r.s (v) . Graph ‘c,he-. éata to see -if the~ ST g
SN missirrg”fror7 the table. . relation 15 1.1near.' . .o -
N ’ A ',Jy 1 - 4 ‘e . te !
§ . . ; . - y
B { 3.0 . T 74
. c 10 ; @ « e e 50 ] Ty ) ‘. - - o .
- > - - - . L ’ ;} " i .. L
D [@ |®o , TR :
. - . 4o s - . .
- E 22 ! > R
G Pe SERLS
. 5 ‘ ~ 1 h HF - o
e 307 T // L
e, T A TP =
ity = / . . 20 -+ : R B4 . N -
- 0T = |+ ,
. : B 7 i '
\ R '\ ‘s - < .
-~ . -' N - ' B d < e
. L 0t 5 T5-T10 0 128
. RN HN
? ‘; N 3
. 4, The following graph shows that '
i : *+ the unction E : ) <
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F 3I2 ‘Representixig Lineér Functions by Sentenges o

v

* In »this section the.student learns that any linear function whose graph

includes the origin” can be writtermr 4% a sentence of the form: .

c s : . -
- Value of one _ - 50?19 ” Value of the™ B .
i ", varisble ~  Number othér -varisble T e e
@ e . R ° WA
. " - - - - ’ -2 T T
” ) - v - T
. L] - - e 4 x -,
\ .7 07 "'Exercise 2 . & ' MR
- . - ». . - g . ‘ .
.o N . I ... - 2
?g‘ill im the 'ssing numbers: ° 7 T .. N -
(a)  NumberWbf, feet = 5,280 " X Number.of miles. -7, ’ h
There are li 81}0 feetl in 3 miles. N .

(v) Number of quar't ; h' _X Number of gallons. )

»Th.e’re'are 32"' éuar‘ts in 8 gallons. L . - -

(c) Number of hours = 2h  "x Nuxilﬁér of Hayé.‘
There are 6 Iours-in %‘of a day. C

(@) Nu}ilbezl' of Ol'J.r/;_ces £ 16 x Ngmber' of poufnds. . ! ;” (" ]
“There are 320, ounces in 20 pounds. * ' : V \:;.f“ ' ) B
Diameter of a ci¥cle = _L'":X,:'r‘adius. ot u\,:"xf“"w' S o
‘ . N . AP . s
. “Yrite the relation between° < e 4 c / ) ) (:‘ ;
(a) Pounds measure nand the correspo'nd'ing ton_s_'measure.' \,’ - . ,a‘
“ no. of pdunds = 2000 X no. «of ‘tons ' E ' Y
- (v) [Foot measure and the corresponding yard measure. . ’4 C '/v‘ﬁ" :
-* 7 norof feet'= 3 X no.saf yards' . - e T
. (c) Hours measgre»'and,tlge corresponding minutes measure. g ) ' N
“ho. ‘of mindtes = 60 X-no. of hours  ~ . . '
© (d) Ccubic foot measure and the corresponaing cubic yard measure. )
( ' no. of cu. ft = 27 X no= cu. yards : . ) )
! . (e) * Year measure and correqund\'.ng day measure. . . A .
. v . % no. of days = 365 X no. of yeetrje ’. "’" , 'L .
ot ?m . (%‘) Th circumference and the, qozresponding diameter of a’ circle ! , *
pt ’ c1rcumferepce = g X diameter ' : S . -

. No. of feet = 3.28 X no. of meters. . c .

~ - ) L . “ -

3
‘%, No. of gallons = 7-;— X no. of cu. ft . _ : ' ’
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k. -3 Functions of the Form: y = mx , i - .-
- Y @ )
The th:.rd step in the sequence of ideas on the stralght 1ine approaching
(,O,Q.) is to replace the words. 1n the sentence representaulon by letters to -
. 'get an equation of the form °
. y = ) '
N . »
v PR . Exercise 3 é . : Yy )
1. For the linear relation: = 60 % L AR ‘, ‘ ‘
(a) If b =3 hours, ‘m = f80 ‘minutes. f L P
(b)If b = % hour, m = 30 _m)',.nutes. .
. (¢) If m’="300 mlnates, h = 5 hours. 4P :
" (@) Ifm = 20.minutes, 1/3  thours. . ) =~
- P ~. . BN . » .
’ A car averagés 20 milés on a 3. Coumplete the table using the
galgon of gas. '_An equation R '\ N rl?i'neér r'elfation: ‘\x = 2)+x . . .
relating number of miles * i 1y ’
. traveled "to number of gallons - 3 - @" ' o, .
LI l &
of gas used is =20 g.- =
oo e
~ " @ 12 .
: = . 1
- ’ .
- . - . 2'5 . ' B -
¥ - S ,
U S. paper money is avallable 1n bills of the followmg denominations: -
$1, $2, $5 $10, $ 20, $ 50, and $ 00, . § .
‘(a) Table shojing equivalent  (b) Graph of table given in part (a) £
~ £,
number of quarters—to ; - "“{
™~ each bill. / s - -
Bills Qudrters 400 4
— T .
8 g 300
20 3] q r :
- ) - H ] '
: ho ﬁ A -
' N o 2
R T Sagg unn: 5
. *
200 - !
%00 100 |- - Lot
I . o o T y
i . 3 - ¢ .
4 - ! # l' " 11 ’
S I — e 0T S 75?mo “
, . 2 . . By ™
o £ poog Yy 5 d

a“
¢

e




S IR L\equivalent humber of quarters is =hq . =~ . T
. - . S e, A S . 5)’ ‘ h ‘ B . - ) ’.’ . :
. ',":.9 T BRI ‘. ) " )
. v : N
bk Slope L _ vl e o e e, T .
, g ) NG - ]

We are now ready to\study.one pf the important properties of & line

Figure 3 ‘
b' ‘ . i ". \ . & . . . -

If .one stairway has steps with a certain rise and’ run and another stairway' . “
has, steps with rise and run each twice as large, is it clear tHat the steepness
of the ‘two stairWays is the same? In other words, a run of 2 with a rise of 1 -
4 SRR
gives the same steepness as a run of ¥’ with a rise of 2 . > S o
, . . . ’ T
- . . R . . o ’
9 f . v . e \ . “{c
<>
9 . .
) 0.—' »
« 8 '\\ '
» R \ )
e,
v 8
©o : - SLE |
S . ’ ,» Figure ‘b," e R . :.
“: Yo * ' et “d - , ' . . ‘.‘w ‘, .
The' steepqess or pitch of theseestairwaye may be Qefined as the number obtained
* J\ -t
by dividing the rise by the ruti, in ejthexrt casej. 5
. 9 d " N
’ - " ‘ I ﬂ' ' 0? b » ..‘ \"
’ LY ’ L] 90 ‘ « l‘ , ! ¢ " ~
: ( & f - . g "
3 i . . } W & ,Sg}g
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'I‘ne concept of ’che slope. of a line 1s/asedlon the 1ldea of a "rise divided

by run

If we th:.nk of one step connecting two poin’cs P (x

2’ 3{2)

|x2-x

1l

17 yl) and .
on a nonve!rtical line, then the’ rise is ly2 - yl| and t‘ne run is
3

Figure 5 !

/ i
¢ : M . '
Me could def‘ine the slope of the segment P]_P2 as rise divided ebyrxi;un, i.e;
—_—. But/we do_not. The slope of a segment P.P. 1is defined as
Xy = % l 2 X, = %

[y

The formula w,lthout the absolute vslueis easier to han&le, and it turns ou‘q
to’ be mte usefuls The absolute‘ Yalue of the slope conveys only ‘the magni-

gxde of the slope. The sign ‘of the slope conveys the adﬁitio*néfi'ae‘a of = *7

"slopes up or down" a’s Buggested in Figure 6 ) . :
! e
) ‘ ' *
¢ * ’ 0 -
> . . o .
-~ L d . -
. ! e 4
% . PR 7 ‘ ¢
. o R ' ~ .
f -
. - . d
. !
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. B, \
‘*.‘%{ ) i :
. rr o
¥- 4 9 ] -ﬂ/ -, = !
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T’ne concept of ‘bhe slope. of a line is/)ased .on the idea of a "rise divided
L by run' 17 yl) and
L Pg(xaf ya) on a nonvei‘tical line, then the’ rise is |y2 - yl| andst‘ne run is .

s
- >

If we thlnk of one step connecting two poln‘cs P (x

=, - x| 4 ‘

PN

AT

YA e
L

Figure 5 . T

‘\I
-
—~—

;
Me could define the slope of the segment Pl 2

VYo = ¥
. But/we do.not. The slope of a segment P.P,. 1is defined as L

12 *2 %

to be mre” usefnl; Tne absolute« \(alue of the slope conveys only “the magni-

t’_*xde o the slope.

L 3

as rise dividedqbyrz!jun, i.e.3 ‘ . -

The formula wj.thout the absolute value is easier to han&le, and it turns out ° -

The sign of the slope conveys the additionafi'aea of = 7‘\,\,‘ e
%s.. '"slopes up or down" as Buggested in Figure_ 6 _ - : .
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| ’ L 1o tgpe o 173 Lk <
slope =;£"_'—3]:=% slope ‘F%‘.'g .
' (slopes up) {slopes down)
(1,3) o ( .
4 © . o . . N
‘ "
. ’ ’ |
s ot PR
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. Figure 6 -
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Starting with the concept of the slope of a segment, we now éevelop the

concept of the slope of a line. Consider the line AB" where A,= (1, 2) and -

(3, 5). Then AB = {(x, v} Py = %x +% and x is real). Note that

, the slope of "AB is 2———2 -3 - If we consider the coordinate of other

*

3.1 2
points of “AB such as {a, 3a ; l‘) and (b, 3 ; l) the slope of the seg- o
3p +1 3b + 1 ) -
. t Soini i ‘it i 2 2 3 ~
. ment joining this poi s v - a =3

Every nonvertical line has the property that all of its segments have « .
the same slope. Let c¢ be any lifle such that “< = ((x ,y) 'y =mx +b for °
m % 0} ! Tpen a point R of«this line has the coordinates (r, rm.+b) and g
pomt S has the coordlnates (s, sm + b). "'he slope of RS is - R T o ,
(sm *b) - (I:m +b) _ sm - =m (-s—-;—r) = m . This provés that all

s -7 ] s -1 s -1 ¢ .

1, P . ~ .
segments of a nonvertical line have the same slope. We may ther;,ﬁm’be%th‘e
+ s * °

i

following definition and theorem‘

. . »

T "IjEFINI’I‘ION' “Thg siope of & nonvertical ‘line is equal to the N R g -
) ’ slope of any of its segmpents. . . - :
v (’ ..‘\ . R °
> y2 = yl co . ‘
L, THEOREM The slope of a nonvertlcal line p is ;—_—x’— PR ’
: ! C
where PlP2 is any figment of’p and Py -= (&1, yl),. ‘ .
= ¢ ' ] o
- ,22 = »(3»52’3’2) . ‘ .
) :‘. hd 1 Y
; ' \ ’ o v
[~ s - . i
k P %’ I
4 4



a
. We now consider three possibilities for the glope of a line; it is —
posﬂ:ive, it is zera, or it is negative. Let Pl( 4 ylj and P (x2, y2) be . .,
A two pomts of a 11ne. We subpose that \"che points are named so that P‘2 has
: ‘ J.
v :
. , -
.t - ,
. ' /
v,
x . 1 T
4.‘
( . . \\
P AN
- / » . g " i , rd '
e ‘' .Figure 7 . <

- i vt ., s - ‘
‘c e larger x-coordinéte. ‘We dlsregard the pc sibility X5 2 X5 since this
would imply that '13 5 is a,vertiesl-line an gi <the slope of a vertical line .’

. 1s undefme& That 1s,, x{e say a vertlcal llne has no siqpe, "

Possmll:.tx 1. The,slope 1s p051t1ve Since we named pomts so that
x2 > xl aqd Yo > yl 5 it ;f‘ollows that - Xy Xy and y2 y ¥y are* both posi-
tive. , ThlS means that e 3 partlcle movgs.‘along P1 o from 1e¥t to right
, to the point with xzcoordinate xa),

(from t'he point with x- coordma;te X

?

11', is gblng uphill. ~ . .o ~ e
Yl . . .
o It Xy <xl and ¥y < yl then X5t %y ‘anid y2 y, are bot?negat'i\re,.
This means that P is to the right dgd up from P2 and the situation is un-
. 1 i
changed. Hence, the slope is also posn:lve. ) ) 3
- . 7 R
N ¢ POS§1bli.ltx 2, _The slope is zero. Then Yy - 1 =0 ; This megns~ ¢
—— N .
. n;tuit-wuely that, as,.a pantlcle mpves, along, the ;m Pll,’g. At is moving . L
on "level g;ound ('I’he y-coordlnates of all the pomts of the llne are .
. ]
© the same.) . - . p ‘ . i

i‘;fK

q' méves along P.P frpm left to mght \1t"1., goig downhill.
. 2 4 .

L}
.
.
\ R

.. Possibi‘litx 3+ The slope is negativ‘e. Then ane of the numbers, Yo - y‘ll‘
and X5 =Xy 5 1s p051tive and the other 6ne is negatlve. Since.we named the -
points so that x‘2 > xl it follows that Ko = Xy 1s posl‘blve and Yo - yl

T is negatlve, that 1s, Y2 < V1 4 This means J‘ntultlvely t‘q\t, as & part:i\cle

\
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If you were to grgph the following

equatiqns,‘wﬁa% would be the slopes

of the lihes?
() a=365%
° m = 365 .
, (6) o=16p .
L - om'= 16 . N .
(¢) y=3x ~

. 3

Draw a line that has twice the
slope of the line shown on the
graph. "Draw anothér line with
half the slope.
30° -
50 -
10
yar.d -
PAP S
0o 1 2 3 k4 5 -6

I >

.

5. Find-the slope of this line,
SEEEEEEERERE Ry
_—rr*é:oisrz%l_u}[i o
T _"20-5 _ 15
1" 50.75 =3 4

15 1 I

~/
10 P
’ { [y
Dd
5. Ll :

0 1 2 ‘3‘ l} ' 95
T. Graph {he equation y = 5x .
using the fact that the
glope is 5. “r
A .
5
‘U
. '3 / ! A
.2 =
l »
0 1 2 3 4 5 6 17
) ' B ’4
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4.5 Coat Hanget Experiment . =~ "¢ :

Students should do this experiment in groups of-four.

L]

. The eéliiﬁment n'eed’ed for each group of foar is as follows:

e 1 pencil oLy . oL
o 1 strip of Scotch. or- masklng tape . ’ .
- 1 coat hanger . - . .
’ 2 Jumb6 size (2" long) ‘paper clips P e .
: 1 centimeter ruler ’ - *
i 1 Set of weights ‘ .

P

A critical pa‘rt of the apparatus is the hook made from two pape"r clipsy:
Two clips are needed ‘so that oppos1ng pointers counter-balance each other .

-and give a true "zero' ‘readlng when there is no obJect hanging on them.

. The total load of 1000 gm cauges the hanger to bend a<total of betv}een
20 and 30 mn . The bend is proportlonal to the load up to about 1400 gm .
F01° loads greater than this the graph departs from its imitial linearity.

[ 2

@ Slné’e th1s sectlon is d@Bvoted to linear relations whose’ graphs include the

origln, the coat’ hanger load is restricted to a maximum of 1000 gm .
< 3 t

. = ', 5 . - ] . ’7. W ‘ ¥
.3 . ! ) Exercise 2 : ':” T - v
T l‘f .Suppose there ig a linear relation 'between the amount ‘a diving board : o,

.." . bends and the load on it. Then it would Ge liké the coat hanger.
* B (a) If the board bends down 1.5 inches when ‘you (120 pound®) get on - ..
it, what would be the total bend when your friend, who also weighss

. *- s 7 120 pounds, joins yoy? 3 inches - -
. ”a_.' _ (b) Suppose you exert & force of 400 pouhds on.the board when you £ .
e " ) Jump on it. How much will if "bend? 5 inches Y. °
“e L
Y 2. Meke a data table and a graph of the linear function described in - ‘

- ] . N AT T
“T"7.7" Problem 17 What is the slope ®f this line‘? ’ . L .
.4 N Load Bend . .. . '/‘ . ) " ’ .

. — ‘ .
810 P %5 ,
S "o
3] .
b3 o
ori .
e 5\ - 1 . .
'% . . 3 ."L XN ,
2 7 o o4
> INEIEY /
s 0 o ° ‘ g
. . ' - z‘Oo s, 800 Ve ) ‘ .
T e C . o ., Logd (pounds) ° N
e ) " ) T .
¥ \‘i . . 2 ’1 O L ] ; R
L EMC s ' . ® |
. ‘ ‘ ‘e s ‘o

3 R
8 8 ., f
S ot - . |




D, R M .
‘;{/-‘ -;Iw: v '. o :“ \ ’ i te o n‘ = Y
N 3. what { he slope and the equatlon of each of these lines? e
; e gt ,,/ Pl peeey S ..I..4_¢ TG”,"
T ; f *"": - 7 ' ! ! * -
20 ety 16) i (14,21) |
‘:‘ * i " + ,_L.: i T . . y
b ’ 1-5.411 Iil /;Tw i B " N
’ A A bt - *f
- J s . (15,15) J
b g - Ry S . e R .
N “312) AL &1 e
' MO T P NRPUUE PRI S 4 ¥
' c1o (AT r
) BN ANERERD’ T
uhuy dnngB o whbnbl
BENANNNyasy Tl -
. 5 {+f R S et o n I , .
7 RY SN0V SNRRERER RS~ N (15,5) Coe
. -;,., ¢ O e R - .- 'a"*: --»*—iﬁ‘_ —— ; -+ T-—.—; ?h‘.
g roue U U VO (PO U S T . .
e Y = T n " ! {. ];_1_" X .- .. “
T, N 5 10 5 .ot .
Slope . Bquatign s oL
£ 520 1 1 T - 4
2 Line A: mo= == - = - -
. | SR v=3%) :
- . 3 ¥
. . =2 =~ 2 Z . = - .
. Line B: n 15 - 10 5 =1 . ‘:Y x * . .
. ;- . 21 -15 6 73 3 . ‘. -~ ]
: Line C: v TR T,
. LA 20 --12 _ 8 . s o -
L: °}:lne D: ;n = —5—_'3— = E y . Y —.Ll- X T
" 4.° - A gas station at‘t:Endant could use the following graph-to figure out R
4 e
. how much to charge a customer for the gas he puts in hds tank ! -
: - g -7 . (a) What is the Slope ~
‘- WREsasas yansa of the Lie? -
S 50 (1554.50) .5 R - H :
. : ) - 7 2942 , BF 715 150 10
L ) 3 T / .
. ol - a// ’ (b) What is the cost of’
. B - i . -
s S 3004 g - 8 gallons of 'gas?
1 ’3 G ' L . $ 2 LI»O‘ 4
» - . S L or A . . . '?‘
G LS e 20 . :
; : o T =TT § d What s, the st
‘) . B 4 40 SN - (e) is, the £0 o b
iz , L.50 = - 6.5 ga}lons’? ~
f“‘ ‘: . I N "Y::_ E L1 . 4
P e ’ FAV QL NNY °I . - $ 1.9 ‘
f" - - - l ‘| ;i t : ! * X L
»’;t"- s P AR L : Li4 0 () Write an equation that
‘ e ' 0 5 ‘ 0 15 "7 could be used tofi‘igure
' . ' %i g. (gallons), . A 'ggsoline bills. S
’ \ , ’ - 3 -

PR i
= .30,8.7 -
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. 1#.:6 . ‘Grap‘h_ix_lg Linedr Funt.'ti?ns._i_ri_ General - Sjriné Experiment o .
; . l ho;k weighj: (l0,0 gram) - 1 pencil (un§harpe(‘ned)‘

- 2 hook welgbts (200 gram) “1 roll 'Scotch tape ’ - -
T ‘_l ho<;k welght (500 gram) T foot~ruler, ;zzth metrl sc‘ale ‘

;i:; ’ , ' 1 spring o _2 speets of note paper‘

This experlment 1nvesﬁ1gates the relation between thg length of a sprn}(( -
gnd the load hanglng on it. The relation is linear for a good spTring as long
'x as 1ts maximam length does not exceed threeﬁtlmes its unstretched length¢4

Altheugh it is a straight line the grdph of the relatlon will not pass.throgygh'.

* {0,0) because the spring's length is not zero when the load on.it

I{FC ‘.v . 9"&0‘3 ; | N

L3 ‘

is .zero.
- - (I
' ‘0 » ~ s f
X v
, = ST v ,Exercise 6 : RO
. 4 R y .
1. In the'figure ‘to the right, } s e . L LG .
. ’ L IR R A )
the four lines each-have the 35§77 [ /44 .
2 ’ A ZHER
A ™ same' slope. The line through o Al | -1 1
A . . .. BN ! P
* ». the origin has the equation . j TN T . ” ' A’
. - : ., . } 25 $1 1.1 ¥ P .7
. Y o=5x% .. . . = i
: » y . 20 Ll t L
~ < Wslte Ehe equation of_each of o , - ..
o the othér three Dines. 15 ¥ a .
' <1
~ _i -
Line Aty y = 5XA: 6 o~ ; - . .
: ', Life'B: y = 5K + 15 5 -_L‘ §> h ) ‘
- . Line &: y = 5x + 19 ‘”I*/ . ‘_ P
‘ ° . . o O. ) ’ X '
'. . h i L4 v
, & ' . , . ‘ 1 2 '3 ‘
‘\ ° " ' * . L] R
. ' . P ‘ ¥ : " ' E .’ y
- M B D * C l , SLe f] . e .
2 N W AN N DR it - - Use the accompanyifg figure
-1 -F- f— A bttt e ) , N N . by
”“E’“'z” T s - to fill in this chart .
WYy, .\‘HL T N Trom o
2 (AT , Line{ m| 8| y=m +5b
g Y .
o Y .
/ - A g loly-%=.
10 : ) T z T .
& . {[ B L ) x B 6 . 5 f‘:y‘= 6 3/{- -f' ? .
. . c 1] 2ty =x +.2 - )
‘:. g A o ' ‘
/ pal 2l 6y=2x+6 '
[ » )
! ; 3 5 R K -
g = - T Conbe ;L
| ‘ 5. 10. 15. 20 25 30 35 ) s .




e . L R
3. " ‘The equation of a l:ine is oo (1, 7), (3£19), (2, 10)°
N ‘
y 2x + 6, \ ». and” (L, 3) are dp*the line
(}raph this line. #; % 4 oy =6x+Ll. (é—, k) is not
R ; \ / & point of.this line.
P - -4 ] » [
15 - - ) . . .
o :
10 . . o e ‘ /
» ‘ ,‘ ) ’ )
‘3 T L
?——‘ . . * " : \ * ’
v = X ® ' - .
. .0 it 3 . T
’ ) .
, - * ’ ¢
.t -, .
" . [ ” T ’ i l
EEN ¢ ’ ’
. ) ) -

s 7 The Centigrade Fahrenheit Ebcperiment .

1 thermometer, Centi%:gade (-20° to 110°)
1 thermometer, Fahrenhei,t (0° to 230 ) '

1 No. 10 tin can (for liquids) - v Lo
a . Ll ice' . t‘ 3 . » . ~
:*‘. L - [l . o . " N N s
,,,:1‘?. : . sa]rt , » -

.. . -

A}

. The experiment is begun by making.the six water 'ba+hs of varying tenpera-
tures_ mentioned n the text. Use at least half a can of water for eaéh bath

' 80, that its temperaxure will not chamge excessively during the course of the

experiment. (Heat lgss’ .or gain during the experiment introduces fio erroro ‘

_since ahy pair of C-F readings igs taken simultaneously In fdet, temperature
changes have the advantage of giving different students different data s yet

they all get a s{raight line graph ) .- ) ~ et 5

LT ) P
- The lowest temperature that can bé, obtained. by putting salt w:lth crushed

ice is about ~-12 degrees Centigradé The amount of sdlt needed to get down

to this temperature depends on t~he *yolume of*the mixtures Twenty heaping

’ tablespoons should be sufficient for half a can,of crushed icg.” More salt

A -
-

than needed vill have no adverse effect. . : .

M)re than six water baths canab,e ,prepé;ged if the teac}fer wants addit*iorﬂ!]:
L data‘ The temperature of the air in gth‘e “classroom providgs-an ordered pair ~
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that can be entered inthe table. Be sure the thermometers are dry; other-

wise évaporation will pgobably cool them ynequally. ! B

’
.

Two procedures for getting the temperatu.re readings suggest themselves:

*(a) Students, ih groups of' four, can move froni contfainer to cor;tainer,
carrying their thermometers with them.

(b) The two thermometers can be left in each contamer and ther students

can form as many queues as there dre containers.

+ each pair of thermometers

‘Bach studéiit reads

After any given pair of measuremet'?ts,
he moves to the rear of ozne of the other gueues.

N

. Exercise 7 ,

1. Slope of the C vs F graph is 2. The y-intercept.of theé C vs F
l . ¥ - 32 _ }@ 29 ' graph is 32.  Note (0, 32) .
. T 100 sQO T 100 T 5.
~— ) e . ' ‘ M
3.. Using the result’s ©of Problems L, Use tHis equation to find F
i ! 1 '4hd 2, equation F=mC +% . temperatu.re'that corresponds
, besomes F = —2- T +32. ) e to given-C temi)erature. Cw
' (‘\ . - ,
’ . i .
, S Plét the points found in Problem h C F . “
ort the experimental graph. ‘Do - . 20+ | 68 .
they fall on the'C & ¥ line? k5 03
, . -5 - 23
They certalnly should. .G 32 .
6.* (a) Plot the(iata in-the’ ‘
e 8 table to the right. -
KL y - . s .
C L e A \
R E1 R LA 9 7 SR
: Nl Lol 4 ) 7
o T :”lf‘ | : IT (v) Flnd the slope and y-intercept i
o AT S L ' of.the line. )
ok | ,% - * N
——t— 2 X ~om=s 3
342 P E MG : 5, Y .
’ o % % 21 i ! "b=
. 4 T T ot ! - ‘ ) “\‘
' ) > : - :_l* REENNN (c) Find the equation of *this line,
" T T y'=3x +6
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Part I: ’Place the werd, phrase or number in each bkénk which will make

the statement true:
*l. Number of yards =

2. ' There &re 4 " yards in 2 milgs.

3. 42 -

4.  The eghation,

\ . ‘

«, semple Test Items

X Number-of miles.

8

-~
- nickels.

[
y = lef defines 2 [ ‘' fynction.

’

5. In the -graph of the equation, y = 5x + 3, the number ,>- tells

. the

,-

_of the graph. .

6. The slope-intercept form of the linear equation is

7. The equation,

, passes through the origif.

8.  The ordered pair (5, _

; is y = L X -
5
.
: _9
10. If F=%C+
is

Part II: Problems.,

%

+ k. Complete

v -7

(WIS

the table using the

, graphs as a straight line which

)

oot ¥

5° .

L g
~

v
32,
when the Centigrade reading is 25 .

¢

' -
X Y e .
—, R %
3
L e - )
-3
12
. . M
» O N4 4
. \‘{‘
2 . .
Fd
o 15 )
* 1
.“ > e
. 106 ‘
L <
100

S

3
linear relation y ="3x .

P

»

~

-

!

K3

)} is a point of the line whose equatioh
9. The'line containing the points {5, 0) and (7s 2) has a slope of .

then room temperature on the Fahrenheit scele




2. The coordinates of, 4 points are given

(7, 21).. Find the slope of each of t

(3, 9), B4, 12), c(5, 16),
following lines. * *

- . Line AB m
Line AC m .
Line AD m

; Vhich set of 3 points all lie on the s?r’n'é étra{éht line? )

'3. From the followmg graph, comput the( slope and 1ntercept, and wrlte ~

.

NG . -— /

\ > p M Sy w=_ .
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Equation-. N ' Equation: 3!
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5., 'Fill in the following table for each of the following sqquenceNf

‘ ordered pairs.

.

’ . . ' |Punctions |Linéar [|df linear
Lt e v | yes/no yes/no slope
N *
A
[ (&) (0 l)) 1, 2)) ( 3)) 3) L]’)’ L]’ 5) . .
(&) (0, 0), (1,), (2, W), (3, 9), (hel6) | . K
(e) (o, 0), (3, 1)y (h’ .2), (5, 5), (4, 8:) C .
(a) (o '.2), (2, 5), (6,“}1)» (8, 14), (4,.8)
“(e) (0,.4), (9, k), (1o, ¥), (12,4, (13, )~
- (£) (35 1), (3, 2), (3, 3), (3, 4), 3, 5) B
. * ’ . o ' T ' -
' T ’ R , . :
. . ‘ I . o ‘ '
L . , ' ’ 3
. . Solutions i‘or ! . v
e ' - Sample Tést Items ) *
.7 . L = {
e . ~
Part I » i .
) 1. 1760 . ‘ 6. y =mx + b -
] . 7
2. 3520 7.y = mx ’
3. ko 8. % ' R
k 4. linear . 9. 1 , .
. ! 5. slope . 0. 71, : - ‘
" o ; ‘ ‘ :
“Part II |
a -‘l.”.fc Y- 2. _.’(‘ )’12_9
7. ; @ ‘ Line AB m=—K—_—3=3h
v : ' LinéAC maB-9. 1
. 2| @ . X 5372
3 ~ . Line AD m=2%-27-12_3
N 7 @ . ;A m=T3 T
. . o .
., o | @ - . Pmnts A, B and D all lie P
. » @ the same straight line. o
‘ - = ..\ . . RE N l '
. 5 do ‘ N ?i ¢ '
. \ . N ®
. . ‘ ‘ . ‘
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" 108 . :
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b

.

20

R Equation: y

. (b) m=’+0-26

.b'=10

6z TF %0

=Y Equation: y =5x + 10 .
\ ®
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Linear °

yes /no

 If linear
slope

yes

8

yino

no

yes

yes®

horizontal
line

yes

vertical’
~ line™

A UG [ S
k-2 "3RC. )
b=6 B: e
.ﬁquatipn: y = 2;‘+ 6
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